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Abstract
Cylindrical vector beams (CVBs) are the class of laser beams which exhibit az-
imuthal symmetry in their polarisation structure. These beams exhibit a ‘donut’
intensity profile due to an on-axis polarisation vortex. CVBs have received signif-
icant recent interest due to their similarities to the modes of an optical fibre and
their interesting focusing properties in the limit of high numerical aperture. This
thesis contains an investigation into the properties of CVBs and their applications
for optical micromanipulation, using a variety of experimental geometries.
First I describe methods for the synthesis of CVBs and explain why CVBs are
appealing for optical trapping. This is followed by an experimental investigation of
focal volume control using the polarisation state of CVBs in an optical tweezers.
Experimental results are complemented by numerical calculations of trapping forces
obtained from a theoretical model derived from electromagnetic scattering theory
in the T-matrix framework.
Next I consider the use of CVBs in a dual-beam fibre-optic trap for trapping
of low refractive index particles, such as ultrasound contrast agent microbubbles.
The optical trapping forces are calculated numerically for a wide range of parame-
ters. Additionally, the photonic stress profile over the surface of the microbubble is
presented together with the resulting optically-induced deformation.
The next chapter is an investigation of CVBs in an alternative trapping geometry.
Experimental results are presented, demonstrating optical trapping and propulsion
of microscopic particles using the evanescent field in the region around a tapered
optical fibre. I also consider the plasmonic optical forces on metallic nanoparticles
in the evanescent field of a tapered fibre.
Finally, I present results of experiments probing the optical coherence properties
of higher order CVBs to clarify the differences between coherence and correlation
properties of stochastic beams which have a non-uniform polarisation direction.
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Chapter 1
Introduction
1.1 A brief history of optical micromanipulation
1.1.1 Radiation pressure
Optical radiation pressure was first postulated almost 400 years ago. Johannes
Kepler, the astronomer famous for his laws of planetary motion, observed that the
tails of comets always point away from the sun. To explain this, he proposed that
sunlight exerts a pressure on the comet which pushes the tail away from the source
of the light [1, 2]. Although Kepler’s suggestion of harnessing this optical pressure
to sail from the Earth to the moon [3] remains in the realm of science fiction, interest
in optical radiation pressure has continued to the present day.
Radiation pressure forces were set on a firm theoretical basis in 1865 when the
mathematical physicist, James Clerk Maxwell, formulated classical electromagnetic
theory [4, 5]. However, despite empirical proof of the existence of electromagnetic
radiation pressure having been provided by observations using complex experimental
apparatus early in the twentieth century [2, 6, 7, 8, 9, 10], the topic remained a
scientific curiosity rather than a technologically useful phenomenon for quite some
time.
1.1.2 Optical guiding
The main difficulty with using electromagnetic radiation forces to move objects is
that the optical forces generated by radiation pressure are very small compared to
the power required, difficult to separate from thermophoretic effects, and are usually
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insufficient to overcome gravitational or frictional forces [11]. However, an order of
magnitude calculation performed by Arthur Ashkin in 1969 revealed that optical
forces should be sufficient to have an appreciable effect, provided that the object
is sufficiently small. Although the value he obtained for the force was of the or-
der of 10−5N; if the mass of the particle is sufficiently low, then the acceleration,∣a∣ = ∣F∣/m (where F is the force applied and m is the mass of the particle), is of the
order ≈ 105g, where g is the acceleration due to gravity. Ashkin realised that this
acceleration should be sufficient to give rise to significant dynamic effects on micro-
scopic particles [11]. Furthermore, the invention of the laser [12] ten years previously
provided an ideal, intensely bright, source of light for Ashkin’s experiments.
In 1970, Ashkin carried out the first experiments demonstrating the acceleration
and trapping of small particles by radiation pressure [13]. Using only milliwatts
of optical power, he observed particles moving in the direction of propagation of a
weakly-focused Gaussian beam. He attributed this movement to optical radiation
pressure due to good agreement of the observed particle velocities with his predicted
values. Ashkin named this force the ‘scattering force’. To his surprise, he also
observed an additional force component which acted transverse to the direction
of beam propagation, pulling particles into the high intensity region of the beam:
the ‘gradient force’. Once in the centre of the beam, the particles were guided by
the light pressure to the end of the chamber where they were trapped against the
chamber wall [11, 13].
1.1.3 Dual-beam optical trap
Using his newly acquired knowledge of these two basic force components, Ashkin
devised the first stable three-dimensional optical trap for neutral particles [13]. The
trap consisted of two counter-propagating, weakly diverging Gaussian beams. When
one beam was blocked, the particle was pushed along the optical axis by the second
beam; restoring the first beam returned the particle to the equilibrium position.
Although Ashkin’s preliminary experiment was designed only to look for optically-
induced particle motion [13], this first experiment actually ended up demonstrating
both the scattering and gradient force components, particle guiding, and stable
three-dimensional particle trapping. The geometry of the forces in the dual-beam
optical trap is depicted in figure 1.1(a).
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1.1.4 Optical levitation trap
The first single beam optical trap was developed by Ashkin in 1971 [14]. This trap -
named the ‘optical levitation trap’ - was not purely optical, since trapping required a
delicate balance between the optical levitation force and gravity. The trap consisted
of a single vertically upwards-directed beam which confined a macroscopic particle to
the point where gravity and the upward force were balanced, as depicted by the force
diagram in figure 1.1(b). The equilibrium position was stable due to the increase in
axial scattering force with decreasing height, and the transverse confinement as a
result of the gradient force [14, 15]. However, the delicate balance required between
the optical and gravitational forces severely restricted the magnitude of optical forces
that could be applied.
1.1.5 Single-beam gradient force trap (‘Optical tweezers’)
Then followed, the development of the most well-known and widely-used incarnation
of optical trapping, the single-beam gradient force trap, or the ‘optical tweezers’. This
geometry was initially developed for the trapping of atoms [16] and subsequently
applied to the trapping of microspheres in 1986 [17, 18]. An optical tweezers consists
of a single very tightly-focused laser beam and, although counter-intuitive, is stable
due to the dominance of the backward axial gradient force over the forward scattering
force [11]. The origin of the axial gradient force in an optical tweezers geometry is
depicted in figure 1.1(c).
Compared to the optical levitation trap, where forces are on the order of ≈ mg,
the forces in the all-optical trap of the optical tweezers are limited only by the optical
power and can reach thousands of times mg. For this reason, optical tweezers
are particularly useful for confining sub-micron particles where Brownian motion
dominates and the gravitational force is weak.
1.1.6 Further developments in optical trapping
Since the early experiments on radiation forces, optical trapping has developed into a
large and varied area of research. Optical tweezers have evolved into a sophisticated
tool with a wide variety of applications in fields as diverse as quantum computing,
disease diagnosis, optical cooling, superconductivity, gravitational detection and the
precise measurement of fundamental constants [19].
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Figure 1.1: (a) A dual-beam optical trap; (b) An optical levitation trap; (c) The
origin of the axial trapping force in an optical tweezers.
The use of diffractive and holographic optical elements and more recently, spatial
light modulators, has allowed multiple trapping sites to be produced simultaneously.
These can be dynamically controlled using a variety of modern and intuitive user
interfaces [20, 21].
A key application of optical trapping is in the life sciences, both for non-contact
manipulation of cells, bacteria and viruses and for manipulation of biological speci-
mens on the single-molecule level due to their ability to access nanometre-length dis-
tances and piconewton forces [22]. Furthermore, optical tweezers have made many
contributions to the understanding of the mechanochemistry of molecular motors
and the nanomechanical properties of biological polymers [23].
1.2 Optical trapping forces
In this section, the forces involved in optical trapping will be introduced on a more
quantitative basis, by considering three different regimes, depending on the size of
the particle to be trapped.
1.2.1 Ray optics regime - for particles with r >> λ
The interaction of the laser beam with particles with radius much larger than the
optical wavelength (kr >> 1, where κ = 1/λ is the wave number) can be considered
using a ray optics model [18]. To illustrate the principles involved, a simple model of
a spherical particle of refractive index np, suspended in a medium of lower refractive
index nm (i.e. np > nm) and illuminated by a tightly-focused Gaussian beam, as in
an optical tweezers, is considered.
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The laser beam is divided into discrete ‘rays’ - idealised narrow beams of light.
Rays incident on the surface of the particle are split into reflected and transmitted
components according to the Fresnel equations, and the transmitted rays are re-
fracted according to Snell’s law [24]. For particles with refractive index greater than
that of the surrounding medium, the particle behaves like a convex lens and focuses
the light.
The optical forces involved in optical trapping result from the transfer of mo-
mentum from the laser beam to the particle [18]. Each ray carries a momentum
proportional to both its intensity and the refractive index of the medium in which it
travels. The deviation in the path of the ray, as a result of refraction at the surface
of the particle, indicates a change in the momentum carried by the ray. According
to Newton’s third law, an equal and opposite momentum is thus transferred from
the ray to the particle.
The intensity gradient across the sphere produces a net transverse force towards
the optical axis - the transverse ‘gradient force’. This is depicted in figures 1.2(a) and
(b). An analogous argument can be made to explain trapping in the axial direction,
as depicted in figure 1.2(c): a particle located just below the geometric focus of the
trapping beam experiences a net force towards the geometric focal point. However,
the rays reflected at the surface of the particle produce a scattering force which acts
in the direction of propagation of the laser beam. Therefore, in order to produce
a stable optical trap, the backward-directed axial gradient force must exceed the
scattering force. For this reason, an objective lens with a high numerical aperture is
typically used in an optical tweezers [25]. The influence of the scattering force also
results in a displacement of the equilibrium position of the trapped particle slightly
beyond the geometric focus of the laser beam [26].
1.2.2 Rayleigh regime - for particles with r << λ
The trapping forces on very small particles with radius r much less than the optical
wavelength of the trapping laser beam (kr << 1) can be considered using the dipole
approximation: the particle may be treated as a point dipole in an inhomogeneous
electromagnetic field. A direct consequence of this approximation is the possibility
to separate the scattering and gradient forces.
The induced dipole moment, pdip, of a point particle in an electromagnetic field,
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Figure 1.2: The origins of the transverse and axial gradient forces for particles
with radius r >> λ, using a geometric optics approach.(a) The origin of the optical
scattering and gradient forces; (b) the origin of the transverse gradient force in an
optical tweezers; (c) the origin of the axial gradient force in an optical tweezers.
E, is [26]:
pdip = αpE. (1.1)
The polarisability of the particle, αp, is defined as [27]:
αp = α0
1 − iα0k30/(6pi0) ; α0 = 4pin2m0r3 (m2 − 1m2 + 2) , (1.2)
where r is the radius of the particle, 0 is the vacuum permittivity, and m = np/nm.
The time-averaged Lorentz force acting on the dipole is [28]:
⟨F⟩ = 1
2
Re(∑
i
αpEi(r1)∇E∗i (r)∣r=r1) . (1.3)
By application of the vector identity:
∑
i
Ei∇E∗i = (E ⋅ ∇)E∗ +E × (∇×E∗), (1.4)
and the Maxwell-Faraday equation for a harmonic field, ∇×E = iωµ0H, equation 1.3
may be rewritten as:
⟨F⟩ = 1
4
Re(αp)∇ ∣E∣2 + σsc
2c
Re(E ×H∗) + σsc
2
Re(i 0
k0
(E ⋅ ∇)E∗) (1.5)
where σsc is the scattering cross-section and c is the speed of light in vacuum.
Using the vector identity [29]:
−2iIm((E∗ ⋅ ∇)E) = (E ⋅ ∇)E∗ − (E∗ ⋅ ∇)E
= ∇× (E ×E∗), (1.6)
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which is valid for a field with ∇ ⋅E = 0, equation 1.5 may be rewritten as:
⟨F⟩ = 1
4
Re(αp)∇ ∣E∣2 + σsc
2c
Re(E ×H∗) + σscc∇× ( 0
4ωi
E ×E∗) . (1.7)
Identifying the time-averaged Poynting vector,
⟨S⟩ = 1
2
Re(E ×H∗), (1.8)
and the time-averaged spin density,
⟨LS⟩ = 0
4ωi
(E ×E∗), (1.9)
in the second and third terms, respectively, of equation 1.7, the force on a small
particle in the dipole approximation may be expressed as [29]:
⟨F⟩ = Re(αp) (∇1
4
∣E∣2) + σsc (1
c
⟨S⟩) + σsc (c∇× ⟨LS⟩) . (1.10)
The first term in equation 1.10 represents the optical ‘gradient force’ as it is
proportional to the gradient of the irradiance of the field [30, 31]:
Fgrad = pin2m0r3 (m2 − 1m2 + 2)∇ ⟨∣E∣2⟩ . (1.11)
Both the second and third terms are proportional to the scattering cross-section,
thus their sum can be identified with the optical ‘scattering force’. The second term
in equation 1.10, which is proportional to the time-averaged Poynting vector, repre-
sents the radiation pressure on the particle. The oscillating dipole can be considered
as an antenna that radiates energy. The radiation pressure force occurs due to the
change in momentum flux that results from the vectorial difference between the en-
ergy removed from the incident field and the energy re-radiated by the particle and
is frequently expressed as [17]:
Frad. = nm
c
σsc ⟨S⟩
= nm
c
σscI0s,
(1.12)
where ⟨S⟩ is the time-averaged Poynting vector of the light scattered by the particle,
I0 is the peak intensity of the incident light field, and s is the vector that indicates
the direction of momentum transfer to the particle, which is in the direction of
propagation of the beam. The scattering cross-section of the sphere, σsc is defined,
in the dipole approximation, as:
σsc = 128r6pi5
3λ4
(m2 − 1
m2 + 2)2 , (1.13)
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where λ is the optical wavelength.
The third term in equation 1.10 is a force arising from the curl of the spin density
of the field. This term is zero for a plane wave, but may be significant in non-paraxial
optics [32]. It is, therefore, relevant when considering the strongly confined fields
of an optical tweezers, as considered in chapter 5, or the evanescent fields around a
tapered optical fibre, considered in chapter 7.
The trapping potential for a beam of intensity, I, is the integral of the gradient
force with respect to the position coordinates [26]:
U = 2pinmr3
c
(m2 − 1
m2 + 2) I. (1.14)
Furthermore, particles suspended in a fluid experience random motion due to
thermal fluctuations, known as Brownian motion. The thermal kinetic energy of a
particle is kBT , where kB is Boltzmann’s constant and T is the absolute temperature.
For a typical temperature of 293 K (room temperature), the thermal energy is on
the order of 10−21 J.
If the trapping potential significantly exceeds the thermal kinetic energy, the
particle is unlikely to escape from the trap. However, if the trapping potential is
insufficent to overcome the Bownian motion, the particle will not be trapped. It is
evident from equation 1.2 that the polarisability of the particle is proportional to the
volume of the particle. For this reason, although micron-sized particles are easily
trapped, nanometre-sized particles experience much smaller optical forces, therefore
weaker and less stable optical traps are produced for small particles.
For example, for a particle with diameter 1 µm, trapped in an optical tweezers
with wavelength, λ = 1064 nm; numerical aperture, NA = 1.3; and power, P =
10 mW; the trapping potential is of the order of 10−17 J, which exceeds the thermal
energy by 4 orders of magnitude. In contrast, a particle with diameter 10 nm, in
the same optical tweezers, is subject to a potential of the order of 10−22 - one order
of magnitude less than the thermal energy. For these example parameters, the 1 µm
diameter particle would be strongly trapped but the 10 nm diameter particle would
not be trapped, thus demonstrating the strong dependence of the optical trapping
potential on particle size.
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1.2.3 Intermediate size regime - for particles with r ≈ λ
While both the geometrical optics and the Rayleigh approximation provide an in-
tuitive insight into the physics of optical trapping for particles much larger or much
smaller than the optical wavelength, respectively, most particles typically manipu-
lated using optical trapping lie between these two size regimes. In particular, most
optical micromanipulation experiments use micron-sized particles and a trapping
laser wavelength in the near infra-red, λ ≈ 1 µm. Furthermore, the light field in an
optical tweezers is, in general, very tightly focused, thus the paraxial approximation
inherent in the geometrical optics approach is invalid.
In this intermediate regime, where r ≈ λ, neither of the above approximations is
valid. To obtain quantitative results, exact electromagnetic scattering theory must
be implemented [33].
First the electromagnetic field distribution is calculated in the focal region in the
absence of a particle. This procedure is described in more detail in section 3.2.2.
The radiation force on a particle as a result of the focused field is then calculated
by considering momentum conservation for the combined system of the field and
the particle. Since the flow of momentum per unit area out of a spherical volume
centred on a particle can be written as (rˆ ⋅⟨TM⟩) [34], where TM is the Maxwell stress
tensor, the integral of this quantity over that volume is equivalent to the force on
a particle. Hence, in the electromagnetic scattering approach, the optical force on
the particle is [25]: ⟨F⟩ = r2∫
Ω
rˆ ⋅ ⟨TM⟩dΩ, (1.15)
where the integration is carried out over the surface of a sphere of radius r. The
quantity ⟨TM⟩ is the Maxwell stress tensor:
⟨TM⟩ = 1
2
Re (r0E⊗E∗ + µrµ0H⊗H∗) − 1
2
(r0E ⋅E∗ + µrµ0H ⋅H∗)I, (1.16)
where ⊗ represents the dyadic product, and I is a unit dyadic. The electric, E,
and magnetic, H, fields are the superpositions of the incident fields and the fields
scattered by the particle.
Lorenz-Mie theory [35] provides analytical solutions for electromagnetic scatter-
ing by a sphere for the case of plane wave illumination. To calculate the forces
in an optical tweezers, which require a tightly-focused beam, generalised Lorenz-
Mie theory (GLMT) may be used, which extends Lorenz-Mie theory to arbitrary
illumination [36].
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This approach is based on the expansion of the incident and scattered fields
in a series of vector spherical harmonics with known amplitudes W pIlm and A
p′
l′m′ ,
respectively [25]. The sum for the scattered field produced by a sphere of radius r
may be truncated at the Wiscombe limit: nterms = (kx + 4(kx)1/3 + 2), where k is
the wave vector and x is the distance over which the field is calculated. For finite
illumination width, the incident field converges similarly [26]. The relation between
the two amplitudes is:
Ap
′
l′m′ = ∑
plm
Sp
′p
l′m′lmW pIlm, (1.17)
where Sp
′p
l′m′lm is the transition matrix (T-matrix) of the particle [25]. Although the
procedure is simpler for spherical particles, the T-matrix method can be applied
to particles of any size and symmetry [33, 37, 38]. The elements of the T-matrix
may be calculated by the inversion of the matrix of the linear system obtained by
imposing boundary conditions to the field across each spherical surface [25].
This method is used in chapter 5 where the results of calculations of the optical
trapping forces are presented for an optical tweezers using cylindrical vector beams.
1.3 Optical micromanipulation using novel beams
Although the majority of optical trapping schemes use Gaussian beams, shaping the
optical field using diffractive optics or holography to tailor the field distribution at
the focus adds a further degree of control to optical micromanipulation experiments
which has been explored in an increasing number of experiments.
Laguerre-Gauss beams [39] carry an orbital angular momentum of lh̵, due to an
inclination of the wavefronts with respect to the optical axis [40]. A phase vortex
along the optical axis results in the beam exhibiting an annular intensity distri-
bution. The beam may be characterised by l: the number of multiples of 2pi of
phase accumulated in one revolution about the beam axis. Compared to a Gaussian
beam, the annular intensity distribution results in a lower scattering force, therefore
increasing the axial trapping efficiency [41]. Furthermore, the orbital angular mo-
mentum carried by these beams has been exploited to cause microparticles trapped
in an optical tweezers to rotate at up to several hundred hertz [42]. Measurement
of the rotation rate can be used to obtain information about the local viscosity of
the suspending medium [43, 44, 45]. The angular momentum possessed by phase
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vortex beams is distinct from spin angular momentum which is associated with the
polarisation state of the light field. A circularly-polarised beam carries spin angu-
lar momentum of h̵ per photon which has been used to rotate optically trapped
absorbant particles [46].
More recently, shaped ‘non-diffracting’ or propagation invariant fields – partic-
ularly Bessel [47], Airy [48] and Mathieu [49] beams – have led to new applications
due to their greater depth of focus. Non-diffracting beams possess remarkable ref-
ormation abilities and have been used to demonstrate extended conveyer belts for
controlled delivery of microparticles over millimetre distances [50]. Airy modes,
which propagate along curved trajectories, have been used to transfer particles be-
tween microfluidic chambers [51] and to clear particles from a region of interest [52].
Mathieu beams may be used to tailor light fields as light moulds for microstruc-
tures [53].
The majority of previous work using novel beams for optical trapping has focused
on shaping the phase and the amplitudes of the optical field. Shaping the polar-
isation state of the incident light field adds a further degree of control to optical
trapping experiments and has the potential to uncover both novel physics and new
applications. The work presented in this thesis investigates applications of cylin-
drical vector beams (CVBs) - beams which contain azimuthal symmetry in their
polarisation state [54] - for optical trapping. The interesting focusing properties of
CVBs make them suitable candidates for use in optical trapping experiments. The
small transverse focal spot of the radially polarised CVB, compared to that of a
Gaussian beam, can result in a greater trapping gradient force, depending on the
particle size [55]. Furthermore, due to symmetries in the polarisation components,
the time-averaged axial component of the Poynting vector is zero, thus the scat-
tering force vanishes, making the radially polarised tweezers a promising candidate
for trapping metallic nano-particles [56, 57]. In contrast, the azimuthally polarised
beam focuses to a ‘donut’ shape, making it ideal for trapping particles with a lower
refractive index than that of the surrounding medium.
1.4 Outline of thesis
This thesis contains an investigation into the properties of cylindrical vector beams
(CVBs) and their applications for optical micromanipulation, using a variety of
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experimental geometries.
In chapter 2, I describe the methods used for optical trapping, including the de-
sign of the optical trap and how the optical trap was calibrated. Chapter 3 contains
an introduction to cylindrical vector beams, their focusing properties, and an expla-
nation of why CVBs are appealing for optical trapping. Chapter 4 introduces the
experimental techniques required to work with CVBs in the laboratory, including a
review of methods used to generate and transform CVBs.
This is followed by an experimental investigation of focal volume control using
the polarisation state of CVBs in an optical tweezers in chapter 5. Experimental
results are complemented by numerical calculations of trapping forces obtained from
a theoretical model derived from electromagnetic scattering theory in the T-matrix
framework.
In chapter 6, I consider the use of CVBs in a dual-beam fibre-optic trap for
trapping of low refractive index particles, such as ultrasound contrast agent mi-
crobubbles. The optical trapping forces are calculated numerically for a wide range
of parameters. Additionally, the photonic stress profile over the surface of the mi-
crobubble is presented together with the resulting optically-induced deformation.
Chapter 7 contains an investigation into the use of CVBs in an alternative trap-
ping geometry: experimental results of the optical binding and trafficking of mi-
croscopic particles using the evanescent field in the region around a tapered optical
fibre are presented. Furthermore, results of plasmonic optical forces on metallic
nanoparticles in the evanescent field of a tapered optical fibre are presented.
Finally, in chapter 8, I present results of experiments probing the optical co-
herence properties of higher order CVBs with a view to clarifying the differences
between coherence and correlation properties of stochastic beams which have a non-
uniform polarisation direction.
Chapter 2
Optical micromanipulation:
experimental implementation
This chapter introduces some of the experimental techniques used for the exper-
iments presented in this thesis. An optical trapping experiment can be broadly
divided into three ‘modules’: the delivery of the laser beam used to optically trap
the particle; illumination and imaging optics required to visualise the trapped par-
ticle; and calibration optics to determine the optical forces applied to the particle.
This chapter discusses each section in turn.
2.1 Optical trapping
The first consideration when designing an optical trapping system should be the
choice of trapping laser source. The wavelength of the trapping laser beam should
be chosen so as to correspond to a region of low absorption of the trapped parti-
cle and suspending medium. Absorption by the sample may damage the particle
and destabilise the trap, while absorption by the suspending medium introduces
convection currents due to heating.
Trapping of certain colloids including metallic or plasmonic particles can be
enhanced by a judicious choice of wavelength to enhance resonances within the
particles. This can even be used to control the directions of the optical forces
acting on the particles, as exploited theoretically in chapter 7 for the trapping of
plasmonic nanoparticles in the evanescent field of a tapered optical fibre. To obtain
the experimental results presented in this thesis, a trapping wavelength of 1064 nm
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was used.
A further important consideration is the quality of the laser beam. The quality of
the laser beam is quantified by the M2 factor, the beam pointing stability, intensity
fluctuations and the maximum optical power available [58].
The M2 factor describes the divergence of a laser beam and hence the minimum
spot size to which it can be focused [59]. An M2 value of 1 describes a Gaussian
beam which focuses to a diffraction limited spot. An M2 value greater than 1 limits
the degree to which the beam can be focused for a given numerical aperture of the
focusing lens. For efficient optical trapping, a laser beam with an M2 factor as close
to unity as possible is preferable.
A good laser beam pointing stability is necessary to eliminate unwanted spatial
beam deviations. Fluctuations in the laser power act to produce unwanted temporal
variations in the trap stiffness. Both of these problems can be particularly problem-
atic when attempting to calibrate an optical potential or when using trapping for
sensitive force detection. The optical power applied to the particle determines the
magnitude of trapping force which can be applied. Losses in the system, especially
from the objective lens and any beam shaping apparatus, must be considered when
calculating the laser output power required.
The parameters of the laser beam used for the experiments in this thesis (ven-
tus IR 1064nm laser, Laser Quantum) are M2 factor: 1.5; pointing stability: < 5
microrads; power stability: < 0.5% RMS; optical power: 3 W.
Even more important than the choice of laser source is the way in which the
beam is delivered to produce the intensity gradients necessary for optical trapping.
The method by which this is achieved depends on the type of optical trap that is
used. This is discussed separately in the following sections for the three distinct
geometries that are considered in the work presented in this thesis: optical tweezers,
a dual-beam trap, and an evanescent wave optical trap using tapered optical fibres.
2.1.1 Optical Tweezers
The most widely-used incarnation of optical trapping is the optical tweezers or
single-beam gradient trap. In an optical tweezers, the gradient force is produced
by tightly focusing the laser beam using an objective lens with a high numerical
aperture (NA). The higher the numerical aperture, the larger the intensity gradient
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which is produced, which produces a stronger optical trap. Typically, water or oil
immersion lenses are used for this purpose [22] as the higher refractive indices of these
media compared to air produce a higher numerical aperture. A numerical aperture
of around 1.2 − 1.4 is typically required to achieve axial optical trapping [22], i.e.
to confine the particle in three-dimensions; if an objective with a lower NA is used
then the particle may be only trapped in the two transverse directions and guided
in the direction of beam propagation. To obtain the maximum numerical aperture
specified by the objective lens, the beam is frequently expanded using a telescope
to overfill the back aperture of the objective lens in order to produce a diffraction
limited transverse spot size. The quality of the focal spot also depends crucially on
good alignment of the beam through the objective lens. Transverse misalignment
leads to coma which can be diagnosed by visualising a reflection of the beam on a
microscope slide [58].
Figure 2.1: Schematic of an inverted optical tweezers setup with forward scatter,
back focal plane, calibration.
An inverted optical trap (where the trapping laser beam is directed upwards) is
popular since the gravitational force is counteracted by the radiation pressure thus a
more stable trap is produced [25]. Beam steering can be achieved using galvomirrors,
acousto-optic deflectors or spatial light modulators. These must be placed in a plane
conjugate to the back aperture of the objective lens to ensure that the beam does
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not ‘walk off’ the back aperture of the objective lens when steering the beam [58].
2.1.2 Dual-beam trap
A dual-beam trap uses two weakly-diverging counter-propagating beams to balance
the radiation pressure on a particle [13]. Even though both beams are diverging,
axial trapping is achieved due to an increase in scattering force with axial displace-
ment from equilibrium. The beams are delivered either in free space or using optical
fibres.
Figure 2.2: Schematic of a dual-beam optical trapping experiment.
2.1.3 Evanescent field optical trapping using tapered optical
fibres
Similar to the examples of far-field optical trapping introduced in this thesis so far,
a micro-particle exposed to an evanescent optical field also experiences a radiation
pressure force. This was first demonstrated by the driving of water-suspended parti-
cles above the surface of a prism by a single, weakly-focused, laser beam undergoing
total internal reflection at a prism-to-water interface [60]. An evanescent field suit-
able for trapping may also be generated using an optical fibre that is tapered to a
diameter of around 1 µm or less. In such ultra-thin fibres a significant fraction of
the optical power is contained in the evanescent field around the fibre core which
penetrates an appreciable distance into the surrounding medium [61]. A schematic
of the experimental setup used for optical trapping experiments using a tapered op-
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tical fibre is shown in figure 2.3. The laser beam is coupled to an optical fibre which
contains a region which has been tapered down to a diameter of around 1 micron.
This region is mounted inside the sample chamber which contains the particles to be
trapped, suspended in liquid. Imaging optics are built such that the imaging light
propagates perpendicular to the optical fibre.
Figure 2.3: Schematic of an evanescent wave optical binding experiment using a
tapered optical fibre as the interface between the light and the particle.
2.2 Illumination and imaging
A spatially and temporally incoherent light source – a mercury lamp – is used to
illuminate the trapped particle. Typically the sample is illuminated using Ko¨hler
illumination which generates particularly even illumination and avoids imaging of
the illumination source on to the image plane [62, 63]. The optical trapping exper-
iments presented in this thesis are constructed around a commercial microscope, so
the Ko¨hler illumination scheme provided by the microscope is used.
Imaging of the sample is achieved by imaging the focal plane of the objective
lens on to a charge-coupled device (CCD) camera. Size calibration can be achieved
by imaging either a calibrated slide or size-standard beads.
In an optical tweezers, the same objective lens used to deliver the trapping
beam may also be used to image the sample. For the cases of a dual-beam trap
or evanescent wave experiment, the imaging system is built around the experiment
such that the imaging light path is perpendicular to the trapping laser beams, as
shown in figures 2.2 and 2.3. Often these experiments are performed on a commercial
microscope, in which case the illumination and imaging optics are provided.
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2.3 Calibration of an optical trap
One of the key applications of optical tweezers is as a force measurement device - the
photonic force microscope (PFM). However, the forces acting on an optically trapped
particle are rarely measured directly; more often they are inferred by observing the
Brownian motion of the particle in the trap.
2.3.1 Particle tracking
Observation of the Brownian motion of a trapped particle can be achieved using a
high resolution, high speed, digital video camera [64] and subsequent image analysis.
Although this technique can be advantageous when tracking of multiple particles is
required, the temporal and spatial resolution is low. Higher resolution tracking can
be achieved by direct tracking of the laser light scattered by the particle.
Either the forward-scattered [65] or backward-scattered [66, 67, 68] light may
be collected and analysed for this purpose. In the case of forward-scattering, the
scattered light is collected by the microscope condenser lens; back-scattered light is
collected using the same objective used to focus the trapping light and separated
using a beam splitter.
This technique, called ‘back focal plane detection’ relies on the interference pat-
tern between the light scattered by the bead and the unscattered light [69]. In
the case of forward-scattering, this is the interference pattern between the scattered
light and the transmitted light, while for back-scattered light the interference be-
tween the backscattered light and light reflected from the cover slip is monitored.
The geometries for collecting the scattered light for forward- and back-scattering
configurations are shown in figure 2.4.
The interference pattern is monitored using a position-sensitive detector - typ-
ically a quadrant photodiode (QPD) - located in a plane conjugate to the back
aperture. By imaging the back focal plane, the position signal becomes sensitive
to the relative displacement of the bead from the laser beam axis, rather than the
absolute bead position in the sample plane. Movement of the trapped particle rela-
tive to the equilibrium position results in a change in the spatial distribution of the
intensity in the interference pattern. The voltage signal produced by combinations
of segments of the QPD produces randomly fluctuating tracking signals proportional
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Figure 2.4: Experimental set-up for optical tweezers with back focal plane detection
for (a) forward-scattering, and (b) back-scattering, configurations. A lens is used
to image the back focal plane of the condenser lens / objective lens on to the po-
sition detector. In these figures, the paths of the incident and scattered light are
differentiated by the use of two colours.
to the particle displacements:
Sx = (Q1 +Q3) − (Q2 +Q4), (2.1a)
Sy = (Q1 +Q2) − (Q3 +Q4), (2.1b)
Sz = (Q1 +Q2 +Q3 +Q4), (2.1c)
where Sx, Sy and Sz are the tracking signals in the x, y and z directions, and Q1,
Q2, Q3 and Q4 are the voltages produced by each quadrant of the photodiode, as
depicted in figure 2.5(a).
The total laser intensity in the back focal plane of the condenser is proportional to
the axial position of the trapped particle. The light that is scattered by the particle
acquires a different phase to the unscattered light (for forward-scatter detection) or
the light that is reflected from the cover slip (in the case of back-scatter detection).
The interference pattern between the scattered and unscattered light thus contains
an axial position-dependent intensity [65]. A typical interference pattern in the back
aperture of the condenser lens is shown in figure 2.5(b) for a particle offset from the
equilibrium position.
The position detection can use either the trapping laser beam or a second, low-
power, probe laser beam. A typical tracking signal is shown in figure 2.5(c).
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Figure 2.5: (a) The four segments of a quadrant photodiode (QPD); (b)A typical
interference pattern in the back aperture of the condenser lens for a particle offset
from equilibrium; (c) Example of a particle tracking signal.
2.3.2 Characterisation of optical trapping forces
The optical trap in many trapping configurations, including the majority of optical
tweezers and dual-beam traps, can be approximated as a harmonic potential with
different curvatures in the transverse and longitudinal directions [31]. This is illus-
trated in figure 2.6. Considering the example of an optical tweezers with an incident
laser beam with Gaussian intensity profile, as plotted in figure 2.6(a), the potential
of the optical trap can be expressed (in the dipole approximation) as:
U = −αp ∣E∣2= −αpI0 exp (−2x2/ω2)
= −αpI0 ∞∑
n=0
1
n!
(−2x2
ω2
)n ,
(2.2)
where αp is the polarisability of the particle and is a function of the size of the
particle and the refractive indices of the particle and surrounding medium, I0 is the
peak intensity of the beam, ω is the beam width at the beam waist, and x is a co-
ordinate transverse to the direction of beam propagation. The black dashed line of
figure 2.6(b) shows the calculated potential well of the trap. For small displacements
from equilibrium, i.e. x << ω, the potential is approximately parabolic, U = −αI0(1−
2x2/ω2), which may be expressed as
U = U0 + κx
2
x2, (2.3)
where U0 = −αpI0 and κx = 4αpI0ω2 . The parabolic potential is shown by the solid red
line in figures 2.6(b) and (c).
OPTICAL MICROMANIPULATION 38
The trapped particle thus experiences a restoring force that is proportional to
its displacement for small displacements from equilibrium:
Fx = −∂U
∂x
= −κxx, (2.4)
characterised by the trap stiffness, κx. The direction of the force acting to restore
a particle in the potential well to the equilibrium position is indicated by the arrow
in figure 2.6(c) and the force is plotted in figure 2.6(d) as a function of particle
displacement.
Figure 2.6: (a) Intensity profile of a focused Gaussian beam in an optical tweezers;
(b) Potential well originating from the aforementioned intensity profile (black dashed
line) and parabolic approximation for small particle displacement (solid red line);
(c) Parabolic approximation to the potential well for small particle displacements
from equilibrium. Also shown is the direction of the gradient force acting to restore
a particle in the potential well to the equilibrium position; (d) The restoring force
experienced by a particle in the potential well.
The trap stiffness depends on the particle’s polarisability, the power of the laser
beam, and the field gradients. Once the trap stiffness has been determined, it is
then used in conjunction with the measured displacement from the equilibrium trap
position to determine the force acting on a particle using Hooke’s law.
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To describe the shape of the optical potential, two figures of merit are commonly
defined: the difference in lateral stiffnesses, 1 − κx/κy, and the ratio between mean
lateral and axial trap stiffness, (κx + κy)/2κz.
2.3.3 Data analysis
Equipartition method
The trap stiffness of a harmonic potential can be calculated directly from the thermal
fluctuations of a trapped object using the equipartition theorem. The equipartition
theorem relates the temperature of a statistical system with its average energy and
states that, in thermal equilibrium, the total energy is shared equally among all
degrees of freedom. Thus, for an object trapped in a harmonic potential with trap
stiffness, κ:
1
2
kBT = 1
2
κ ⟨x2⟩ , (2.5)
where kB is Boltzmann’s constant, T is absolute temperature, and x is the displace-
ment of the particle from its trapped equilibrium position. Therefore, the stiffness
can be determined by measuring the position variance ⟨x2⟩ of a trapped object.
Figure 2.7(a) shows the Brownian motion of a particle trapped in an optical tweez-
ers, and figure 2.7(b) shows the position distribution of a trapped particle in one
dimension.
The above approach can be advantageous when the shape of the particle, its
distance from the cover slip, or the viscosity of the suspending medium are unknown,
as the result does not depend explicitly on the viscous drag of the particle. However,
since variance is derived from the square of a quantity, any added noise or drift in
the position measurement increases the measured variance and decreases the value
obtained for the stiffness [22].
Autocorrelation method
The Langevin equation describes the equation of motion of a particle in a harmonic
trap with spring constant κ that is subject to a randomly fluctuating force ζ(t) [70,
71]:
m
d2x
dt2
+ γ dx
dt
+ κx = ζ(t), (2.6)
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Figure 2.7: (a) Reconstruction of the Brownian motion of a particle trapped in an
optical tweezers; (b) Histogram of the position of a trapped particle, the variance
of which can be used to calculate the trap stiffness, κ; (c) Autocorrelation analysis
with exponential fit; (d) Power spectrum analysis with Lorentzian fit.
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where γ is the viscous drag coefficient. In the low Reynold’s number regime, which
is applicable to microparticles suspended in water, the system is overdamped, thus
the acceleration is deemed to be negligible compared to the viscous damping and
trapping forces. The inertial term can therefore be disregarded, leaving:
γ
dx
dt
+ κx = ζ(t), (2.7)
where γ dxdt is the viscous damping force and κx is the optical trapping force of a har-
monic potential. The forcing term, ζ(t), describes random uncorrelated fluctuations
with zero mean, thus has the properties [25]:
⟨ζ(t)⟩ = 0, (2.8a)
⟨ζ(t)ζ(t + τ)⟩ = 2kBTγδ(τ), (2.8b)
where the angled brackets indicate a time-averaged quantity.
Equation 2.7 may be rearranged and evaluated at t = t + τ to produce the ex-
pression:
dx(t + τ)
dt
= −κ
γ
x(t + τ) + ζ(t + τ)
γ
. (2.9)
Multiplying equation 2.9 by x(t) and evaluating the time-average produces:
⟨x(t)x(t + τ)
dτ
⟩ = −κ
γ
⟨x(t)x(t + τ)⟩ + 1
γ
⟨x(t)ζ(t + τ)⟩ . (2.10)
The second term on the right hand side of equation 2.10 is zero since the particle
position x and fluctuating driving force ζ are uncorrelated. Differentiating the au-
tocorrelation of the randomly fluctuating particle position, Cxx(τ) = ⟨x(t)x(t + τ)⟩,
with respect to the lag time, τ , gives:
dCxx(τ)
dτ
= ⟨x(t)x(t + τ)
dτ
⟩ . (2.11)
Inserting this into the Langevin equation above gives rise to a differential equation
for the autocorrelation of the particle position fluctuations [25]:
dCxx(τ)
dτ
= −κ
γ
(τ), (2.12)
with solution
Cxx(τ) = Cxx(0) exp(−κ
γ
τ) . (2.13)
Thus the autocorrelation of the particle position fluctuations is an exponential
with a characteristic decay time that is explicitly dependent on the trap spring con-
stant, κ, and the hydrodynamic drag coefficient, γ, of the particle. The exponential
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decay can be fitted to determine the spring constant of the optical trap, providing
the viscous drag coefficient is known. Figure 2.7(c) shows the autocorrelation of the
measured particle position fluctuations with an exponential fit.
The hydrodynamic viscous drag coefficient is defined by Stokes’ law as γ = 6piηr,
where η is the dynamic viscosity of the surrounding liquid and r is the radius of
the (spherical) particle. Close to a planar surface, additional drag arises due to wall
effects, thus Faxe´n’s correction [72] must be applied to introduce distinct correction
terms in the directions parallel and perpendicular to the surface.
Additionally, the particle position detection system may be calibrated using the
value of the autocorrelation function at zero lag time. Using the equipartition the-
orem (equation 2.5), the position autocorrelation at zero lag time is:
⟨x2(t)⟩ = kBT
κ
. (2.14)
The signal produced by the position detection system is proportional to the par-
ticle displacement and can be written as Sx = βx. Thus, the calibration factor, β,
measured in units of Volts per unit distance, can be obtained from the autocorrela-
tion of the tracking signal Cxx(τ) at zero lag time:
β = √Cxx(0)κ
kBT
. (2.15)
Power spectrum method
Alternatively, an analogous analysis may be carried out in the frequency domain [25,
73]. The inverse Fourier transform of the position fluctuations may be defined by:
x(t) = ∫ +∞−∞ x˜(ω) exp(−iωt)dω, (2.16)
with instantaneous velocity:
dx(t)
dt
= −iω∫ +∞−∞ x˜(ω) exp(−iωt)dω = −iωx(t), (2.17)
where ∼ denotes a Fourier transform pair and ω denotes angular frequency.
The Fourier transform of the overdamped Langevin equation (equation 2.7) is:
−iωγx˜(ω) + κx˜(ω) = ζ˜ , (2.18)
hence a solution for the Fourier transform of the position fluctuations may be written
as:
x˜(ω) = ζ˜(ω)
γ(ωc − iω) , (2.19)
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where ωc = κ/γ.
The power spectrum of the random noise Σζ is independent of frequency and has
the property that:
Σζ(ω) = ∣ζ˜(ω)∣2 = 4γkBT. (2.20)
Thus the power spectrum of position fluctuations can be written as:
Σx(ω) = ∣x˜(ω)∣2 = 4kBT
γ(ω2c + ω2) . (2.21)
The one-sided power spectrum of position fluctuations is, therefore, a Lorentzian
with a characteristic width ωc = κ/γ, called the corner frequency. The power spec-
trum can be fitted to yield the corner frequency and, hence, the trap spring constant,
κ [22]. Figure 2.7(d) shows an example power spectrum with a Lorentzian fit.
The calibration factor of the position detection system, β, can be found from the
zero frequency intercept since the power spectrum of the tracking signal Σs = βΣx,
thus:
β = √κωcΣs(0)
4kBT
. (2.22)
This defintion for the calibration factor, β, produces the same value as the definition
for β calculated in the time-domain, given by equation 2.15.
2.4 Summary
This chapter has described the main components necessary to consider when design-
ing and performing an optical trapping experiment. Three experimental geometries
have been introduced: an optical tweezers, a dual-beam trap, and an evanescent
wave optical trap using tapered optical fibres. These three geometries are employed
in the work presented in chapters 5, 6 and 7, respectively.
Furthermore, methods of calibrating the optical forces acting on an optically
trapped particle have been described, including the autocorrelation method, which
is used to calibrate the optical tweezers in chapter 5.
Chapter 3
Cylindrical vector beams: Theory
In this chapter, the theory behind cylindrical vector beams is introduced. First
the paraxial equations describing CVBs are provided. Furthermore, the behaviour
of CVBs under tight-focusing is investigated, demonstrating some key differences
compared to modes exhibiting homogeneous polarisation. Spherical aberration is
introduced to the calculations to determine the effects of spherical aberration on the
shape of the focal volume. The chapter concludes with a brief discussion of previous
work reporting applications of CVBs for optical trapping experiments and the key
advantages for optical micromanipulation offered by these beams.
3.1 Theoretical concepts
3.1.1 Scalar beams
The equations describing the more common scalar beams will first be introduced,
to provide a baseline with which to compare cylindrical vector beams.
The solutions describing laser modes with spatially homogeneous states of po-
larisation are well known [74]. These modes are solutions of the scalar Helmholtz
equation, (∇2 + k2)E = 0, (3.1)
where E is a scalar denoting the magnitude of the electric field and k = 2pi/λ is the
wavevector. In Cartesian coordinates, the general solution for the electric field of a
beamlike paraxial solution takes the form:
E(x, y, z, t) = u(x, y, z) exp[i(kz − ωt)], (3.2)
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where z is the direction of propagation, ω is the frequency of the wave, and t is
time. By applying the slowly varying envelope approximation, and separating the
variables in x and y, the set of Hermite-Gauss solutions may be obtained. These
form a complete basis set of solutions, which are of the form:
u(x, y, z) = E0Hm (√2 x
w(z))Hn (√2 yw(z)) w0w(z) exp[−iψmn(z)] exp(i k2q(z)r2) ,
(3.3)
where Hm (√2 xw(z)) is the Hermite polynomial of order m, w0 is the beam waist,
w(z) is the beam size at a distance z from the beam waist,
ψmn = (m + n + 1) tan−1(z/z0) is the Gouy phase shift, z0 is the Rayleigh range,
q(z) = z − ipiw20λ is the complex beam parameter, and r = √x2 + y2.
For the limiting case where m = n = 0, the solution reduces to the well-known
fundamental Gaussian beam solution:
u(r, z) = E0 w0
w(z) exp[−iψ00(z)] exp(i k2q(z)r2) , (3.4)
where ψ00 = tan−1(z/z0) is the Gouy phase shift for the fundamental Gaussian beam.
The Hermite-Gauss laser modes are shown in the top row of Figure 3.1.
In cylindrical coordinates, the solution of equation 3.1, within the paraxial ap-
proximation, has the form:
E(r, φ, z, t) = u(r, φ, z) exp[i(kz − ωt)]. (3.5)
The solutions to equation 3.5, within the slowly varying envelope approximation,
are the Laguerre-Gauss modes:
u(r, φ, z) = E0 (√2 r
w
)lLpl (2 r2w2) w0w(z) exp[−iψpl(z)] exp(i k2q(z)r2) exp(ilφ),
(3.6)
where Lpl (2 r2w2) are the associated Laguerre polynomials and ψpl = (2p+l+1) tan−1(z/z0)
is the Gouy phase shift. As above, for the limiting case where l = p = 0, the solution
reduces to the well-known fundamental Gaussian beam solution given in equation
3.4. For l ≠ 0, the mode has a vortex phase term exp(ilφ), thus the phase around
the circumference of the beam contains an azimuthal phase dependence, with the
total phase around one circumference given by the azimuthal index, or topological
charge, l, multiplied by 2pi. There is a phase singularity along the beam axis where
the phase is undefined, hence the amplitude profile is identically zero, which gives
these beams a ‘donut’ shape in the intensity profile. The radial index, p, indicates
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the number of nodes in the radial direction. The Laguerre-Gauss laser modes are
shown in the bottom row of figure 3.1.
(a) HG00 (b) HG01 (c) HG10 (d) HG11
(e) LG00 (f) LG
1
0 (g) LG
0
1 (h) LG
1
1
Figure 3.1: Intensity profiles of the first four Hermite-Gauss (top row) and Laguerre-
Gauss (bottom row) modes.
3.1.2 Cylindrical vector beams
In contrast to the scalar beams defined above, cylindrical vector beams (CVBs) are
the solutions of the full vector form of the Helmholtz wave equation,
∇×∇ ×E − k2E = 0, (3.7)
where E is the electric field vector. A paraxial, axially symmetric, vector solution
with the electric field aligned in the azimuthal direction, with unit vector eφ, has
the form:
E(r, z, t) = U(r, z) exp[i(kz − ωt)]eφ. (3.8)
The solution that obeys azimuthal polarisation symmetry is of the form:
U(r, z) = E0J1 ( βr
1 + iz/z0) exp(−iβ2z/(2k)1 + iz/z0 )u(r, z), (3.9)
where β is a constant scale parameter, and u(r, z) is the fundamental Gaussian so-
lution given in equation 3.4. Equation 3.8 corresponds to an azimuthally polarised
(φ-polarised) Bessel-Gauss beam solution [75]. The intensity profile of this beam is
shown in figure 3.2(a). The superposed red arrows indicate the direction of polar-
isation at each location on the wavefront. Similarly, there exists a solution for the
CYLINDRICAL VECTOR BEAMS: THEORY 47
magnetic field, of exactly the same form, where the magnetic field is directed in a
purely azimuthal direction.
The azimuthal electric, E, and magnetic, H, fields of these two modes are accom-
panied by H and E fields, respectively, that are purely radial with no dependence
on the azimuthal angle, φ. The z-components of the electric and magnetic fields
can be neglected under paraxial conditions. The transverse electric field distribu-
tions of these modes are illustrated in figures 3.2(a) and (b), respectively. These
CVBs are often referred to as azimuthally or radially polarised, based on their elec-
tric field distribution. Generalised cylindrical vector beams, where the polarisation
makes an angle, θ, with the radial direction, are a linear superposition of the purely
azimuthally and radially polarised modes, and are illustrated in figure 3.2(c).
(a) Azimuthally
polarised CVB
(b) Radially
polarised CVB
(c) Generalised
CVB
Figure 3.2: Intensity profiles of the first order cylindrical vector beams. The arrows
indicate the local direction of polarisation.
3.1.3 Simplifications for cylindrical vector beams with large
cross-sections
In many situations, simplified distributions can be used, especially for CVBs with
large cross-sections. At the beam waist, the Bessel-Gauss beam can be approximated
as:
E⃗(r, z) = A r exp(− r2
ω2
) e⃗i, i = r, φ, (3.10)
where A is a constant. This amplitude profile is exactly that of the LG01 mode,
without the vortex phase term, exp(ilφ). However, although this beam has a ‘donut’
intensity profile similar to the Laguerre-Gauss mode, LG01, described above, it differs
in certain details: the phase of the CVB is constant across the wavefront, thus the
singularity is in the polarisation instead of the phase. In fact, using equations 3.3
and 3.6, it can be shown that cylindrical vector beams can be expressed as the linear
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superposition of orthogonally polarised Laguerre-Gauss,
Azimuthally polarised CVB = LG01e⃗σ+ − LG0−1e⃗σ− , (3.11a)
Radially polarised CVB = LG01e⃗σ+ + LG0−1e⃗σ− , (3.11b)
or Hermite-Gauss modes,
Azimuthally polarised CVB = HG01e⃗x +HG10e⃗y, (3.12a)
Radially polarised CVB = HG10e⃗x +HG01e⃗y, (3.12b)
as illustrated in figures 3.3 and 3.4, respectively. Higher order cylindrical vector
beams may be obtained from superpositions of higher order Laguerre-Gauss or
Hermite-Gauss modes.
= + exp(ipi)
(a)
Azimuthally
polarised
CVB
(b) LG01, σ
+ (c) LG0−1, σ−
= +
(d) Radially
polarised
CVB
(e) LG01, σ
+ (f) LG0−1, σ−
Figure 3.3: Cylindrical vector beams may be expressed as a superposition of cir-
cularly polarised Laguerre-Gauss modes with opposite helicity and opposite hand-
edness of polarisation. Note the global pi-phase shift between sub-figures (c) and
(f).
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= +
(a)
Azimuthally
polarised
CVB
(b) Vertically
polarised
HG10
(c)
Horizontally
polarised
HG01
= +
(d) Radially
polarised
CVB
(e)
Horizontally
polarised
HG10
(f) Vertically
polarised
HG01
Figure 3.4: Cylindrical vector beams may be expressed as a superposition of orthog-
onally polarised Hermite-Gauss modes.
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3.1.4 Comparison to the modes of a cylindrical waveguide
Although free-space modes with azimuthal symmetry in the polarisation are un-
common, these polarisation structures are well-known as the modes of a cylindrical
waveguide (optical fibre). The first few modes of a step-index cylindrical waveguide
are shown in figure 3.5.
(a) HE11 (b) TE01 (c) TM01 (d) HE21 (odd) (e) HE21 (even)
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Figure 3.5: The lowest order modes of a step-index cylindrical waveguide (optical
fibre). Under the weakly guiding approximation, modes degenerate and combine to
form the linearly-polarised (LP) sets of modes.
It is evident that the modes TE01 (TE is transverse electric) and TM01 (TM
is transverse magnetic) are reminiscent of the azimuthally- and radially-polarised
CVBs, respectively. The polarisation structures are identical, and indeed, the modes
are described by the same first order Bessel function. However, the equations differ
in detail since transverse localisation is achieved in the optical fibre by total internal
reflection at the interface between the fibre’s core and cladding regions. However,
when light propagating in one of the waveguide modes reaches the end of a length
of fibre, it excites the mode of free space with the same polarisation distribution. In
fact, the set of bound vector modes of the optical fibre can be directly transformed
into the family of cylindrical vector beams shown in figure 3.2.
Under the weakly guiding approximation, TE01, TM01, HE21 (odd) and HE21
(even) modes are nearly degenerate, therefore it is very difficult to excite only one
of these modes. Combinations of the TE01, TM01, and the even and odd HE21
modes produce linearly polarised structures which can be described by a product of
a Bessel function and a Hermite polynomial. These modes are designated as linearly
polarised (LP) modes, as indicated in figure 3.5. Figure 3.6 shows the LP modes
distributions that may be produced.
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± ⇒
(a) TE01
(b) HE21
(odd)
(c) (d)
± ⇒
(e) TM01
(f) HE21
(even)
(g) (h)
Figure 3.6: Superposition of the waveguide modes (shown in (a), (b), (e), (f)) pro-
duce linearly polarised (LP) modes, depending on the phase shift between the beams.
The sum of the modes shown in sub-figures (a) and (b) result in the mode shown in
sub-figure (c) providing there is no phase shift between them, and (d) if their phase
differs by pi. The modes shown in the second row behave similarly.
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3.2 Focusing of cylindrical vector beams under
high numerical aperture
One reason for the recent interest in CVBs is due to their unusual focusing properties
in the limit of high numerical aperture. In this section, the focused field distributions
of the CVBs are calculated and presented. Furthermore, the effect of spherical
aberration on the focal volume is investigated.
3.2.1 Vectorial diffraction integrals
The expressions for the field distributions in the focal region may be calculated using
the Richards-Wolf vectorial diffraction method [76, 77]. The geometry of the problem
is shown in figure 3.7. The region before the lens where the input parameters of the
beam are defined is designated plane 0. Sphere 1 is the focal sphere.
Figure 3.7: Geometry considered when calculating the focal field distributions under
tight focusing. Plane 0 is the region before the lens where the input parameters of
the beam are defined. Sphere 1 is the focal sphere [76].
The geometry of the coordinate system is shown in figure 3.8. The coordinates
before the lens (plane 0) are (θ,ϕ) and the cylindrical coordinates which describe
the position around the focal point (plane 1) are (ρs, ϕs, zs). The lens has radius,
R, and focal length, f .
The polarisation direction in the region before the lens is defined in cylindrical
coordinates by the unit vector perpendicular to the optical axis,
g0 = cos(lϕ)i + sin(lϕ)j, (3.13)
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Figure 3.8: The coordinate system used to construct the vectorial diffraction in-
tegrals. the coordinates before the lens (plane 0) are (θ,ϕ) and the coordinates
around the focal point (plane 1) are (ρs, ϕs, zs). The lens has radius R and focal
length f [77].
where i and j are the Cartesian unit vectors in the transverse plane, and l is the
azimuthal index.
The electric field in the region before the lens can then be resolved into radial
and azimuthal components:
e0 = P l(0)p [e0rg0 + e0ϕ (g0 × kˆ)] , (3.14)
where kˆ is the unit vector along the direction of propagation and P
l(0)
p describes, in
the pupil of the lens, the relative amplitude profile of the field which is cylindrically
symmetric but varies radially, thus P
l(0)
p is a function of θ only. Using the simplified
distributions for CVBs with large beam cross-sections, the amplitude profile of the
corresponding Laguerre-Gauss beam is used:
P
l(0)
p (θ)∝ exp(−r(θ)2
ω20
)(2r(θ)2
ω20
)∣l∣/2Llp (2r(θ)2ω20 ) , (3.15)
where Llp is the associated Laguerre polynomial. For the Laguerre-Gauss beams,
l represents the topological charge and p is the radial index which has the same
meaning as for the CVBs. For these calculations p = 0 because only the lowest order
CVBs are considered.
Following the method of Richards and Wolf, the electric field near the focus of
the beam is expressed as a diffraction integral over the vector field amplitude a1 on
a spherical surface of radius f :
e(s) = −ik
2pi
x
Ω
a1(θ,ϕ) exp(ik(sˆ1 ⋅ r))dΩ, (3.16)
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where Ω is the solid angle and a1 is the amplitude of the vector field after the lens.
The relationship between a1 and the electric field prior to the lens can be calcu-
lated by considering the requirement that the optical power carried by a ray, as it
travels through the lens from region 0 to region 1, be conserved. Hence, assuming
refractive indices for the object and image spaces of unity and negligable losses due
to reflection and absorption by the lens, conservation of power dictates that:
(P l(0)p )2 δS0 = (P l(1)p )2 δS1. (3.17)
The area element prior to the lens, δS0, is related to the the corresponding area
of the focal sphere, δS1, as δS0 = δS1 cos θ. Therefore, the amplitude factors prior to
and after the lens are related as P
l(1)
p = P l(0)p cos1/2 θ. The amplitude of the vector
field after the lens is therefore defined as:
a1 = f cos1/2 θ (P l(0)p (θ)) [e0rg1 + e0ϕ (g1 × s1)] . (3.18)
The unit vector g1 lies in the plane of the ray and the optical axis and is per-
pendicular to the direction of propagation of the ray. After refraction by the lens,
the radial unit vector may be expressed as:
g1 = cos θ (cos lϕi + sin lϕj) + sin θk. (3.19)
The components of the vector field distributions in the region of the focus of
a high numerical aperture lens can be calculated by integrating the vector field
amplitude a1, producing the Richards-Wolf vectorial diffraction integrals [76, 78].
The azimuthal integration is performed making use of the Bessel integral identity:
∫ 2pi
0
cos(lϕ)ei(kρs sin θ) cosϕdϕ = 2piilJl(kρs sin θ), (3.20)
where Jl(kρs sin θ) denotes a Bessel function of the first kind of order l. Simplified
expressions for the vector field distributions in the focus are obtained [77]:
esρ =Ail−1 cos(l − 1)ϕs∫ α
0
sin θ
√
cos θP lp(θ)eikzs cos θ
× [cos θ(Jl(kρs sin θ) − Jl−2(kρs sin θ)) + (Jl(kρs sin θ) + Jl−2(kρs sin θ))]dθ,
(3.21a)
esϕ =Ail−1 sin(l − 1)ϕs∫ α
0
sin θ
√
cos θP lp(θ)eikzs cos θ
× [cos θ(Jl(kρs sin θ) + Jl−2(kρs sin θ)) + (Jl(kρs sin θ) − Jl−2(kρs sin θ))]dθ,
(3.21b)
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esz = − 2Ail cos(l − 1)ϕs∫ α
0
sin2 θ
√
cos θP lp(θ)eikzs cos θ
× Jl−1(kρs sin θ)dθ, (3.21c)
where the limit of integration, α, is the maximum convergence angle of a ray from
the edge of the pupil to the paraxial focus. The transverse Cartesian components
of the electric field vector near the focus may be expressed as:
esx = esr cosϕ − esϕ sinϕ (3.22a)
esy = esr sinϕ + esϕ cosϕ. (3.22b)
3.2.2 Focused intensity distributions
The polarisation symmetry of cylindrical vector beams results in unique focusing
properties in the limit of high numerical aperture, when compared to the focal field
distributions of homogeneously polarised modes. For comparison, figure 3.9 shows
the focused intensity distributions for a Gaussian and a Laguerre-Gaussian beam,
both originally linearly-polarised in the x direction, and focused using a lens of
numerical aperture 1.2. In the z = 0 focal plane, the Gaussian beam focuses to
a bright spot, with maximum on the optical axis, slightly elongated in the trans-
verse direction in the direction of incident polarisation. Plots of the individual field
components show that this is mainly composed of an x-polarised bright spot on
axis. The longitudinal (z-directed) component of the electric field is zero on the
optical axis but has two lobes along the x-axis. In contrast, the focused linearly-
polarised Laguerre-Gauss beam exhibits zero electric-field on axis in the transverse
electric-field distribution and a bright spot on-axis in the longitudinal electric-field
component.
In comparison to the distributions obtained using homogeneously polarised beams,
the focused intensity distributions for the radially and azimuthally polarised cylin-
drical vector beams are plotted in figure 3.10. The most obvious difference to the
Gaussian and Laguerre-Gaussian beams, is that the focused distributions are rota-
tionally symmetric. The radially-polarised focused mode has an on-axis longitudinal
electric field, Ez and the azimuthally polarised focused mode has an on-axis longi-
tudinal magnetic field, Hz [31]. Furthermore, the electric-field distributions of both
beams possess an annulus polarised in the transverse plane. For the radially po-
larised beam, this annulus is radially polarised; for the azimuthally polarised beam,
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Figure 3.9: Focal normalised intensity distributions in the transverse plane for origi-
nally linearly-polarised (in the x-direction) Laguerre-Gauss (first column) and Gaus-
sian (second column) beams. The field is strongly-focused with a numerical aperture
of 1.2. The absolute values for the field strengths are normalised by the maximum
total field strength for each beam.
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the annulus is azimuthally polarised [76, 79]. A principal feature of the radially po-
larised beam is that the longitudinally polarised component may be stronger than
the transversely polarised field, when focusing with sufficiently high NA.
As may be inferred from the above discussion, the radially polarised cylindri-
cal vector beam focuses to a smaller transverse spot size than the homogeneously
polarised Gaussian beam [80]. In particular, the strong longitudinally-directed com-
ponent of the focused radially-polarised beam focuses to a transverse width narrower
than that for the homogeneously polarised Gaussian beam. Cross-sections through
the focused intensity distributions comparing the intensity of the longitudinal com-
ponent (∣Ez ∣2) of a focused radially-polarised beam with the total intensity (∝ ∣E∣2)
of a focused circularly-polarised Gaussian beam are shown in figure 3.11. Apodizing
the input profile of a radially-polarised beam such that the intensity is concentrated
in a narrow ring around the perimeter of the lens can result in transverse spot sizes
as low as 0.16λ2 compared with 0.26λ2 for linear polarisation [81], although apodiz-
ing is at the expense of a corresponding increase in longitudinal spot size. Similarly
to the radially-polarised beam, the ‘hole’ in the centre of the focused azimuthally
polarised CVB is smaller than that of the Laguerre-Gauss beam.
Furthermore, the polarisation state of cylindrical vector beams provides an ad-
ditional degree of control of the focal volume. By adjusting the polarisation angle of
a generalised cylindrical vector beam, the intensity profile at the focus of the beam
may be tailored [82]. Varying the angle, ϕ0, between the polarisation vector and
the radius, changes the weighting of radial and azimuthal polarisation present in
a cylindrical vector beam. Figure 3.12 shows intensity ∣E∣2 cross-sections through
the z = 0 focal plane for strongly-focused generalised CVBs of different angles, ϕ0.
Sub-figures 3.12(a) and 3.12(f) show the cross-sections for radial and azimuthal
polarisations, respectively. Sub-figures 3.12(b)-(e) show the cross-sections for gen-
eralised vector beams as the weighting of radial to azimuthal polarisation changes
with the evolution of the polarisation angle from ϕ0 = 0 to ϕ0 = pi/2.
The ability to tailor the shape of the focal volume is particularly useful in optical
trapping applications, where the shape of the focal intensity distribution directly af-
fects the forces applied to a trapped particle. Tailoring the focal volume using
generalised CVBs is explored in an optical tweezers, both experimentally and nu-
merically, in chapter 5. It is demonstrated that changing the polarisation state of the
incident trapping laser beam, allows the trap potential to be shaped and optimised
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Figure 3.10: Focal intensity calculation in the transverse plane for azimuthally (first
column) and radially (second column) polarised beams. The field is strongly-focused
with a numerical aperture of 1.2. The absolute values for the field strengths are
normalised by the maximum total field strength for each beam.
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Figure 3.11: Cross-sections through the focused intensity distributions for (a) the
total intensity (∣E∣2) of a focused circularly-polarised Gaussian beam, and (b) the in-
tensity of the longitudinal component (∣Ez ∣2) of the electric-field of a focused radially-
polarised beam.
for different particle sizes.
3.2.3 Calculations of the effects of spherical aberration on
focused cylindrical vector beams
If cylindrical vector beams are to be used for optical micromanipulation experiments,
it is vitally important to be able to quantify the effects of aberrations on the quality
of their focusing. In particular, spherical aberration is introduced by focusing a
beam through a planar surface, such as the interface between the cover slip and the
sample when using an oil immersion objective lens in an optical tweezers. For this
reason, spherical aberration was introduced into the vectorial diffraction integrals
to determine the effect on the intensity distribution around the focus.
Spherical aberration occurs when rays from the edge of the lens are focused more
or less strongly than rays passing through close to the centre of the lens. In third-
order aberration theory, spherical aberration may be introduced to the beam as a
deviation of the wavefront,
exp(iWs(ρ)) = exp(2ipiS1ρ4), (3.23)
where ρ (ρ = 0 → 1) is the normalised radial coordinate in the lens aperture which
is related to the ray convergence angle as ρ = b tan θtanα (b = R/ω0 is the lens radius to
beam waist parameter), where α is the maximum convergence angle. The coefficient
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Figure 3.12: Intensity distributions of cross-sections through strongly focused CVBs
in the focal plane after being focused with an NA = 1.2 objective lens. Plots are
shown for different values of ϕ0, the angle the polarisation vector makes with the
radial vector. (a) ϕ = 0, radial polarisation; (b) - (e) generalised cylindrical vector
beams which can be expressed as a weighted superposition of radial and azimuthal
polarisations; (f) ϕ = pi/2, azimuthal polarisation.
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S1 characterises the amount of spherical aberration introduced to the beam. This
term was added in to the vectorial diffraction integrals in equation 3.21 and the
intensity distributions at the focus were determined using the same procedure as for
the unaberrated case described in section 3.2.1.
3.2.4 Effects of aberration on the focused intensity distri-
butions
Calculations of the intensity distribution around the focus with spherical aberration
S1 = 1.0 are shown in figure 3.13. The first column shows the distributions in the
z = 0 plane; the second shows the y = 0 plane. From the second column, it is obvious
that, as is typical of most beams, spherical aberration introduces a longitudinal shift
to the position of maximum intensity, away from the paraxial focus (0,0).
Furthermore, the intensity distribution in the z = 0 plane (as shown in column 1
of figure 3.13) is broadened compared to the unaberrated case. The first column of
figure 3.14 shows focused intensity distributions in the z = 0 plane for three different
values of spherical aberration, S1 = 0.0, 1.5, 3.0. Figure 3.14(a) is azimuthal polari-
sation, 3.14(c) is the radial component, ∣Er∣2, of the focused radially-polarised beam,
and 3.14(e) is the longitudinal component, ∣Ez ∣2, of the focused radially-polarised
beam. For each cross-section, it is evident that the peak intensity rapidly decreases
with increasing spherical aberration as a result of the broadening of the focal spot.
A comparison of figures 3.14(c) and (e) reveals that the principle feature of a focused
radially polarised beam, the strong longitudinal component of the focused radially-
polarised beam, degrades much faster with spherical aberration than the weaker,
radially polarised component.
To quantify the effect of spherical aberration on the peak intensity, the Strehl
ratio - the ratio of the peak intensity of the beam to the peak intensity of the
unaberrated beam - is plotted for increasing amounts of spherical aberration in
sub-figures 3.14(b) for incident azimuthal polarisation, and (d) for incident radial
polarisation, for the radial and longitudinally-directed components separately. As
expected, figure 3.14(d), for radial polarisation, demonstrates greater degradation
of the longitudinal component compared to the radial component. The ratio of the
peak intensity of the aberrated longitudinal component to the peak intensity of the
aberrated radial component is plotted in sub-figure 3.14(f) as a function of spherical
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aberration, demonstrating the relative degradation of the longitudinally-polarised
spot. The small oscillations on the above mentioned plots occur when the amount
of spherial aberration at the edge of the aperture is equal to an integer multiple
of 2pi, i.e. W ≈ 2npi. At these values, rays from the edge of the aperture interfere
constructively to produce the weaker overlaid oscillations [77].
Figure 3.13: Calculation of the intensity distribution around the focus with spherical
aberration S1 = 1.0: (a) and (b) azimuthal polarisation, ∣E∣2; (c) and (d) radial
polarisation, ∣E∣2; (e) and (f) radial polarisation ∣Ez ∣2.
3.3 Optical trapping using cylindrical vector beams
Cylindrical vector beams are of significant interest for optical trapping experiments
due to their unusual focusing properties under high numerical aperture, described
in section 3.2.
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Figure 3.14: Effect of spherical aberration on the focusing of CVBs. Left column:
Calculated cross-sections in the z = 0 plane through the focused intensity distribu-
tions for three different values of spherical aberration, S1 = 0.0, S1 = 1.5, S1 = 3.0 :
(a) azimuthal polarisation, ∣E∣2; (c) radial polarisation, ∣Er∣2; (e) radial polarisation,∣Ez ∣2. Right column: Peak intensity in the z = 0 plane as a function of spherical
aberration: (b) azimuthal polarisation, ratio of the peak intensity in the aberrated
focus to the unaberrated focus as a function of spherical aberration for the total
field; (d) radial polarisation, ratio of the peak intensity in the aberrated focus to
the unaberrated focus as a function of spherical aberration for the radially polarised
component and the longitudinally polarised component; (f) radial polarisation, ratio
of the intensity of the longitudinally polarised component to the radially polarised
component as a function of spherical aberration showing the relative degradation of
the z-polarised spot.
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The small transverse focal spot of the radially polarised CVB, compared to
that of a Gaussian beam, may be expected to result in a greater trapping gradient
force [55], leading to tighter confinement of the trapped particle. Furthermore, the
strong longitudinally-polarised component of the focused radially-polarised beam
results in enhanced axial trapping compared to a Gaussian beam. This has been
demonstrated by calculations using ray optics [55] and rigorous electromagnetic
theory [83], and experimentally for trapping in air [84], and in an aqueous environ-
ment [85, 86].
Furthermore, the time-averaged axial component of the Poynting vector is zero.
The lack of scattering force makes the radially polarised optical tweezers a promising
candidate for trapping metallic nano-particles [56, 57]. A radially polarised beam
has been shown to be more efficient than both an azimuthally polarised beam and
a Gaussian beam for the trapping of gold nano-particles [87]. Cylindrical vector
beams have also been used to trap non-spherical objects [88], where it was shown
that tailoring the polarisation state of the trapping beam can be used to match the
shape of the trapping volume to the particle geometry resulting in more efficient
axial trapping for elongated objects - in this case, carbon nanotube bundles.
In this thesis, CVBs are used in an optical tweezers in chapter 5. Shaping of
the trapping volume by tailoring the polarisation state is investigated for spherical
particles of various sizes. Furthermore, the ‘donut’ intensity distribution of CVBs
in the far-field is used in chapter 6 to optically trap and deform low refractive index
objects.
3.4 Summary
In this chapter, cylindrical vector beams - modes exhibiting azimuthal symmetry
in their polarisation state - were introduced as the solution to the full vector form
of the Helmholtz wave equation. It was shown that, for large beam cross-sections,
the simpler amplitude profile of a Laguerre-Gauss mode may be used to describe
the amplitude profile of CVBs. In this approximation, the field distribution of
any CVB may be obtained from a superposition of a pair of circularly polarised
Laguerre-Gauss modes, each with appropriate magnitude and helicity of azimuthal
index (topological charge) and handedness of circular polarisation.
The similarity of the intensity distribution of CVBs to the modes of a cylindrical
CYLINDRICAL VECTOR BEAMS: THEORY 65
waveguide (eg. optical fibre) was described and the possibility of using optical fibres
to generate CVBs was introduced.
The Richards-Wolf method was used to calculate the strongly-focused intensity
distributions of cylindrical vector beams, demonstrating that the focused radially
polarised beam exhibits a strong longitudinally polarised component with a smaller
transverse spot size that that of a homogeneously polarised Gaussian beam. In
contrast, the azimuthally polarised beam focuses to a ‘donut’ with a null on axis. It
was shown that the shape of the focal volume is strongly influenced by the angle that
the polarisation vector makes with the radius. This is discussed further in chapter 5,
where control of this angle is used to tailor the shape of the trapping volume in an
optical tweezers.
The effects of spherical aberration on the focal volume were investigated and it
was shown that the key, and most distinctive, component of a radially polarised
beam - the longitudinally polarised component - degrades much faster than the
transversely polarised components. Therefore, the effects of spherical aberration
must be considered for experiments considering strongly-focused radially polarised
beams.
The chapter concluded with a discussion of previous work reporting optical trap-
ping experiments using CVBs and the key advantages offered by these beams.
Chapter 4
Cylindrical vector beams:
Experimental techniques
This chapter introduces the key techniques required to work with CVBs in the
laboratory. A number of methods of synthesis of CVBs are described in addition to
techniques which are necessary for their manipulation.
4.1 Synthesis of cylindrical vector beams
A laser can be made to oscillate in cylindrical vector modes by inserting various
intracavity axial birefringent [89] or dichroic components [90]. However, due to a
lack of commercially available lasers which produce CVBs, and the added complexity
associated with intra-cavity beam shaping, most users opt for extra-cavity generation
methods.
The simplest method to implement to convert an incident Gaussian beam to
a radially polarised beam involves using a radial polariser constructed from seg-
ments of birefringent materials with different orientations of the optic axes. Initially
this method was introduced using a λ/2 plate cut into eight segments, rearranged
and joined together again [91]. A commercially produced radial polariser using ne-
matic liquid crystals [92] is now available (ARCoptix, Switzerland). This method
is depicted in figure 4.1. However, although simple to implement, this method is
inefficient and does not produce very high purity transverse modes. More efficient
methods to generate cylindrical vector beams from homogeneously polarised beams
in free space use interferometry and these methods will be described in the following
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section.
Figure 4.1: A polarisation converter converts a linearly polarised beam to a cylin-
drical vector beam using birefringent elements.
4.2 Interferometric method of synthesis
It was shown in section 3.1.2 that, for large beam cross-sections, cylindrical vector
beams can be expressed as the sum of two Laguerre-Gauss beams with opposite
signs of topological charge and opposite handedness of polarisation helicity or of
two Hermite-Gaussian beams with different orientations of linear polarisation. This
can be exploited to synthesise cylindrical vector beams from either Laguerre-Gauss
or Hermite-Gauss beams using various interferometric geometries.
For example, Roxworthy et al. use a Mach-Zehnder interferometer to interfere
two orthogonally polarised Hermite-Gaussian beams [86], as shown in figure 4.2(a).
Maurer et al. interfere two circularly polarised Laguerre-Gauss beams in an interfer-
ometric arrangement using a Wollaston prism to split and recombine the beams and
a spatial light modulator (SLM) to impose a helical phase [93]. This arrangement
is depicted in figure 4.2(b).
A further method, which is used in the experiments presented in this thesis, uses
a Sagnac interferometer to combine the beams [94]. In the Sagnac interferometer
both beams cover exactly the same physical path, making it insensitive to relative
phase fluctuations. The individual Laguerre-Gauss beams are produced inside the
interferometer using phase elements to apply a spiral phase term to an incident
linearly polarised Gaussian beam. The linearly polarised Laguerre-Gauss beams are
then converted to circular polarisation using λ/4 plates and their sum creates the
CVB.
CYLINDRICAL VECTOR BEAMS: EXPERIMENTAL TECHNIQUES 68
Figure 4.2: Interferometric techniques for the generation of CVBs. (a) A
Mach-Zehnder interferometer which interferes orthogonally polarised Hermite-Gauss
beams. BS: beamsplitter, HWP: half-wave plate, PP: phase plate, M: mirror, SF/T:
spatial filter and telescope. Figure reproduced from [86]. (b) A Wollaston prism is
used to interfere two circularly polarised Laguerre-Gauss beams, produced using a
spatial light modulator. QW: quarter-wave plate, SLM: spatial light modulator.
Figure reproduced from [93].
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(a) Sagnac interferometer with
spatial light modulator as phase
element
(b) Sagnac interferometer with
spiral phase plate as phase
element
Figure 4.3: The Sagnac interferometers used to create CVBs. (SLM: spatial light
modulator, QWP: quarter-wave plate, HWP: half-wave plate, PBS: polarising beam-
splitter, 50:50 BS: 50:50 beamsplitter.)
The first method, shown in figure 4.3(a), uses a spatial light modulator (SLM) to
impose a helical phase, Φ = lφ, on the first diffracted order. The counter-circulating
beams in the interferometer acquire opposite signs of topological charge through the
extra reflection at the Dove prism and opposite polarisation helicities at the quarter
wave plate (QWP). The output of this apparatus is a CVB of azimuthal order l: the
polarisation direction makes l complete rotations in one circuit about the beam axis.
This set-up is capable of generating cylindrical vector beams with arbitrary radial
and azimuthal indices [94] by simply changing the diffraction pattern displayed by
the SLM. However, large losses are produced by the diffraction at the SLM and the
double-pass through the 50:50 beamsplitter. For applications where the ability to
change between different azimuthal orders of CVB is not required (and only the first
radial order is required), losses can be reduced by using the set-up shown in figure
4.3(b). This uses a spiral phase plate, instead of the SLM, to impose the helical
phase term.
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4.3 Fractional cylindrical vector beams
More recently, beams with a ‘fractional’ topological charge (i.e. l is non-integer)
have been studied experimentally [95, 96] and shown to have applications for con-
trolled particle rotation [97]. Such beams contain a string of alternating sign phase
vortices distributed about a line extending from the beam axis [98]. The polari-
sation direction for fractional charge CVBs rotates a non-integer number of times
about the beam axis, resulting in a discontinuity of electric field along one direction
extending from the axis.
As for the integer CVBs, a fractional polarisation vortex of order l can be syn-
thesised from fractional phase vortices with fractional charges ±l. Since fractional
phase vortices are required, fractional polarisation vortices are most simply pro-
duced using the Sagnac interferometer with an SLM to produce the required phase
variation [94]. An example of such a fractional CVB is shown in figure 4.4(a), calcu-
lated using the method described in [94, 98] for l = 32 . The experimentally generated
fractional CVB is shown in figure 4.4(b), along with the vertically and horizontally
polarized components in figures 4.4(c) and (d) respectively.
Figure 4.4: (a) Calculated intensity distribution of l = 32 fractional CVB; (b) ex-
perimentally observed intensity distribution of l = 32 fractional CVB; (c) vertically
polarised component; (d) horizontally polarised component.
4.4 Waveguide method of synthesis
This technique takes advantage of the similarity between the polarisation properties
of the modes that propagate inside a step-index optical fibre and cylindrical vector
beams (CVBs). Light is coupled into a few-mode fibre which supports only the
doubly degenerate linearly polarised fundamental mode, LP01(HE11), and the first
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four higher-order waveguide modes LP11(TE01,TM01 and the odd and even HE21
modes). If a single one of the LP11 modes is excited in the fibre, then when the light
emerges from the fibre, it excites a CVB in free space.
The number of modes supported by the fibre is governed by the fibre V-parameter:
V = k0a√n21 − n22, (4.1)
where k0 is the wavenumber, a is the radius of the core region of the fibre, and n1 and
n2 are the refractive indices of the core and cladding, respectively. A fibre with V-
parameter less that 2.405 is single-mode, a fibre with V-parameter between 2.405 and
3.832 supports the fundamental mode LP01 and the four degenerate LP11 modes,
and a fibre with V-parameter greater that 3.832 supports these five modes plus
higher order modes. When using fibres to produce CVBs, fibres should be chosen
which have V-parameters between 2.405 and 3.832, so that sufficient amounts of the
LP11 modes are excited but negligible amounts of higher order modes are supported
by the fibre.
Figure 4.5: The set-up used to produce CVBs using an optical fibre. SPP is a spiral
phase plate.
Different methods have been proposed to selectively excite only one of the LP11
modes. Either the shift and tilt of the coupling of the beam into the multimode
fibre may be controlled [99] or the incident beam may be preformed in phase and
polarisation [100]. Preforming the input power to the fibre in a ‘donut’ shape,
ensures that a mode from the group LP11 is selectively excited and increases the
efficiency of the method. Figure 4.5 depicts the process of using an optical fibre to
generate CVBs.
4.4.1 Selective mode excitation
As depicted in figure 4.6, a superposition of the LP11 modes, TE01 and HE21 (odd),
produces the orthogonally polarised LP modes with intensity distributions reminis-
cent of the free-space Hermite-Gaussian modes, HG01 and HG10. This effectively
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separates the orthogonal polarisations of the azimuthally polarised TE01 mode into
a linear basis. Thus, by varying the birefringence in the fibre, it is possible to se-
lectively excite varying weighted superpositions of the orthogonally polarised HG
modes and thus vary the relative intensity of the s− and p− polarised components
within a CVB.
Figure 4.6: Superposition of the waveguide modes produce linearly polarised (LP)
modes, depending on the phase shift between the beams. A phase change of pi be-
tween the accumulated phases of TE01 and HE21 modes changes the output pattern
from the x-polarised HG01 mode (top row) to the y-polarised HG10 (bottom row).
Control of the relative intensities of the s- and p- polarised components of a
CVB is desirable when tight focusing is required. The mirrors within microscope
heads typically exhibit different reflectivities for the s- and p- polarised components
(light with polarisation direction orthogonal or parallel to the plane of incidence)
and furthermore, these differences vary between different microscope heads. This
presents a problem when using light with an inhomogeneous polarisation direction,
as the beam develops a non-uniform, cylindrically asymmetric intensity profile which
affects the properties of the focused beam.
This method of producing a CVB with variable s- and p- polarisation intensities
was developed to produce azimuthally polarised CVBs for use as the depletion beam
in a stimulated emission depletion (STED) microscope [101] where the quality of
focusing of the azimuthally polarised beam directly impacts the resolution achiev-
able. The project aims to produce a plug-in facility for UCL biologists to use, thus
requiring optimum focusing to be achieved on many different microscope heads.
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A polarisation controller is used to control the relative phase differences accu-
mulated by the LP11 modes and hence control the relative amplitudes of each of
the LP11 modes at the output of the fibre. The fibre polarisation controller utilises
stress-induced birefringence in the optical fibre to create three independent frac-
tional wave plates. The fibre is looped on to three independent spools mounted on
paddles. The fast axis of the fibre, which is in the plane of the spool, is adjusted with
respect to the transmitted polarisation vector by manually rotating the paddles. In
this way, the phase difference both across the phasefront of an individual mode,
and between different fibre modes, can be controlled, and therefore, ultimately, the
profile of the output beam.
A change in the total phase accumulated by each of the TE01 and HE21 modes,
varies their relative contributions. For example, a change of pi between the accu-
mulated phases of TE01 and HE21 modes changes the output intensity distribution
from the x-polarised HG01 mode to the y-polarised HG10, as shown in figure 4.6.
Experiments demonstrating selective mode excitation were performed using a
1064 nm Nd:YAG laser and an optical fibre with V-parameter equal to 3.45 at
1064 nm. For this V-parameter, sufficient amounts of the LP11 modes are excited,
but negligible amounts of higher order modes can propagate.
The intensity distribution of the mode over the cross-section of the fibre is dif-
ferent for the modes LP01 and LP11. For LP01, the power is concentrated in a small
area around the optical axis; for the mode LP11 it is distributed in a ‘donut’ shape.
By preforming the input power to the fibre in a ‘donut’ shape, a mode from the
group LP11 can be selectively excited. This allows negligible power to be coupled
into the fundamental LP01 mode, and therefore, a higher efficiency of LP11 mode
generation. For the input mode, a circularly polarised Laguerre-Gauss, LG01, beam
is used.
When the light emerges from the fibre, it excites a CVB in free space. Usually
a combination of LP11 modes is excited. The propagation constants of each of
the LP11 modes are slightly different, hence the polarisation state of the total field
varies along the length of the fibre. By varying the birefringence of the fibre, the
phase difference accumulated between nearly degenerate modes is controlled and
thus different combinations of LP11 are selectively excited in free space.
Figure 4.7 shows a diagram of the experimental setup used to create the az-
imuthally polarised beams. The laser emits linearly polarised light with a Gaussian
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cross-sectional intensity distribution. The size and divergence of the beam is con-
trolled using two lenses in a telescope arrangement. A spiral phase plate adds an
azimuthal phase term and a quarter wave plate transforms the polarisation state
to circular. The light is coupled into and out of the fibre using collimating lenses
with a numerical aperture of 0.15. These are mounted on 6-axis stages, allowing
fine control of the x, y, and z displacement of the lens with respect to the fibre,
in addition to the tilt angle in each (x − y, x − z, y − z) plane. The input beam is
controlled using a pair of tip-tilt mirrors, allowing control of both the angle of the
beam and the deviation from the optical axis of the lens.
Figure 4.7: The set-up used to produce CVBs using an optical fibre. A pair of
lenses in a telescope arrangement are used to change the size of the beam. A pair
of collimating lenses with numerical aperture 0.15 couple light into and out of the
fibre. SPP: spiral phase plate, QWP: quarter-wave (λ/2) plate.
Figure 4.8 shows the beams created at the output of the fibre. Figure 4.8(a)
shows an azimuthally polarised CVB, and figures 4.8(b) and (c) show the vertically
polarised HG10 and the horizontally polarised HG01 beams, respectively, obtained by
changing the angles of the paddles of the polarisation controller. Smaller magnitudes
of changes to the paddle directions result in smaller changes to the mode structure
and allow fine control over the amplitude profile of the TE01 beam.
4.5 Manipulation of cylindrical vector beams
In order to apply CVBs to different applications, the beams must be reflected and
steered whilst maintaing the polarisation symmetry. However, the polarisation sym-
metry can easily be broken due to unequal reflection coefficients for the s and p
polarisation components introduced by common protective coatings [74]. Even if
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Figure 4.8: Experimental images of the intensity profiles of the modes emanating
from the optical fibre. (a) shows the azimuthally polarised CVB, and (b) and (c)
are produced only by moving the paddles of the polarisation controller.
the magnitudes of the reflection coefficients are similar, the phase difference can
be sufficient to destroy the polarisation symmetry, thus optics need to be chosen
carefully to minimise such effects.
Cylindrical vector beams can be characterised by the angle, ϕ0, that the polari-
sation vector makes with the radial direction. For a radially polarised beam, ϕ0 = 0;
for azimuthal polarisation, ϕ0 = pi/2. This angle, ϕ0, can be adjusted using a pair of
λ/2 plates [82]. The polarisation vector of the cylindrical vector beam is rotated an
angle of 2∆ϕ for an angle of ∆ϕ between the fast axes of the λ/2 plates.
To determine the polarisation state of the beam, a simple polariser can be used.
The polariser transmits only a single plane of polarisation, thus when the polariser
is placed in the beam path, a dark line appears across the diameter of the beam
wherever the polarisation state is perpendicular to the transmission direction of the
polariser. The number of dark lines across the beam is equal to the l index of the
CVB. By rotating the polariser and observing the direction of rotation of the dark
line(s) around the beam, the direction of rotation of the polarisation state of the
beam can be ascertained and thus the polarisation state of the beam is completely
known.
4.6 Summary
This chapter has introduced the techniques required to work with CVBs in the
laboratory. Methods of synthesis were described, the first of which were interfero-
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metric methods to combine beams with appropriate phase and polarisation struc-
tures, which can be used to produce cylindrical vector beams with either integer or
fractional azimuthal indices. Further popular methods of synthesis are those that
exploit the qualitiative similarities between CVBs and the modes of an optical fibre.
A method of selective mode excitation in an optical fibre was developed to produce
CVBs with controllable differences in intensities in the s- and p- polarisations. This
was developed for use in a STED microscopy facility but could be equally useful in
an optical tweezers, or indeed any application for which control of the properties of
the focused spot is crucial. Finally, a method of manipulating CVBs by rotating the
polarisation angle using a pair of λ/2 plates was described.
Chapter 5
Shaping of the trapping volume in
an optical tweezers using
cylindrical vector beams
5.1 Introduction
The vast majority of optical tweezers use a trapping laser beam with a spatially
homogeneous state of polarisation. However, spatial modulation of the polarisation
of the trapping beam has the potential to add a further degree of control to trapping
parameters and allow further optimisation of the trap for certain particle types [56,
88].
In chapter 3, the focused field distributions of CVBs under high numerical aper-
ture were presented and discussed. To briefly summarise, the azimuthally polarised
beam maintains its donut form on focusing, whereas the focused radially polarised
beam possesses an on-axis intensity maximum at the waist, due to a strong longitu-
dinally polarised component of the electric field. Due to their polarisation symmetry,
radially polarised beams are predicted to form more efficient optical traps for mi-
croparticles [85, 86] and, as a result of the zero axial component of their Poynting
vector, have been suggested to be a potentially advantageous choice for trapping
metallic nano-particles, which are otherwise destabilised by the effects of radiation
pressure [56, 57, 102].
For the generalised CVB, the electric field vector makes a constant angle, ϕ0,
with the beam radius and the cases ϕ0 = 0○ and ϕ0 = 90○ correspond to states of
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radial and azimuthal polarisation, respectively. Figure 3.12 in chapter 3 showed the
intensity distribution cross-section for different values of ϕ0 and demonstrated that
changing the polarisation angle produces very different intensity distributions at the
focus.
In this chapter, the use of inhomogeneously polarised cylindrical vector beams
(CVBs) are investigated for optical trapping of microscopic particles. The trap
spring constants and the trap aspect ratio for optically trapped microspheres are
measured as a function of polarisation angle, ϕ0, and the experimental results are
compared with a theoretical model of optical trapping using CVBs derived from
electromagnetic scattering theory in the T-matrix framework [33, 103].
5.2 Experimental method
The cylindrical vector beams are synthesised using a Sagnac interferometer with
a spiral phase plate to impose the azimuthal phase variation [94], as described in
section 4.2 of chapter 4.
The optical tweezers is constructed around a Zeiss Axiovert 200 inverted micro-
scope, equipped with a NA = 1.3, oil immersion objective with a magnifying power
of 100. The trapping laser is a 3 W Nd:YAG laser (Laser Quantum) which, after
generating a cylindrical vector beam, is injected into the fluorescence port of the mi-
croscope. Two λ/2 plates are used to rotate the polarisation angle ϕ0 continuously
between ϕ0 = 0 and ϕ0 = pi/2.
A 5 mW helium-neon laser is used as a probe for particle tracking in the optical
tweezers and trap calibration. This is combined with the trapping beam at a dichroic
mirror just below the objective. A diagram of the complete optical setup is shown
in figure 5.1.
The particles are polystyrene spheres with diameters of (2.0000 ± 0.0836) µm,
(1.0020 ± 0.0039) µm, and (384.0 ± 5.6) nm. The spheres are suspended in deionised
H2O at a low concentration to avoid hydrodynamic coupling effects between spheres.
The sample is placed in a microscope slide containing a well, and a cover slip is placed
on top before the sample chamber is sealed.
The backscattered probe beam laser light is imaged onto a quadrant photodiode
(QPD) and the signals from the four quadrants processed via analogue electronics
to produce signals proportional to the displacements from equilibrium in x, y and
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z, as described in equations 2.1 in chapter 2. The voltage signals are electronically
amplified before being sampled at 50 kHz by a data acquisition board (National
Instruments).
For accurate calibration, it is crucial that the trapping and probe beams are pre-
cisely co-aligned. They are first roughly aligned using the reflections of each beam on
the cover slip. Precise alignment is achieved by scanning a trapped particle through
the focus of the probe beam in directions x and y, separately. This is achieved using
galvonometric mirrors, connected to a signal generator and placed in a plane con-
jugate to the back aperture of the microscope objective, to oscillate the position of
the trapping laser beam. The back-scattered signal on the QPD is monitored dur-
ing scanning. The beams are co-axial when cross-talk is minimised, i.e. maximum
amplitude oscillation in the scanning direction corresponds to minimum amplitude
oscillation in the two orthogonal directions (the orthogonal transverse direction and
the axial direction). At good alignment, the amplitude in the orthogonal directions
was less than 5% of the amplitude in the scanning direction.
Since the calibration of the optical trap relies on accurate detection of the ‘noise’
spectrum of the voltage signal generated by the QPD in response to the back-
scattered light, it is crucial that all other sources of noise are minimised. To this end,
all data collection is performed in a dark, quiet room, and all electronic equipment
not required for the experiment is switched off. The laboratory door was closed
and air conditioning switched off so as to minimise air currents and vibrations. The
microscope cover slip was glued to the microscope slide to prevent slow drift of
the cover slip. The microscope slide was clamped in place on the microscope stage
holder to prevent the sample from drifting. Slow drift results in the trapped particle
drifting closer to the cover slip during the period of data acquisition. The increased
hydrodynamic coupling between the sphere and the cover slip at trapping distances
closer to the cover slip would result in inaccurate measurements of the trap spring
constant and would also change the amount of spherical aberration introduced to
the beam. Electronic noise from electromagnetic induction was reduced by shielding
the amplifier circuits for the QPD in metal boxes. All electronics were grounded to
the optical table.
For each measurement, data was recorded for 10 s. For each polarisation state,
this was repeated eight times and the mean value and standard error of the trap
spring constants were calculated.
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Figure 5.1: The experimental setup used for the cylindrical vector beam optical
trapping experiment. QWP: λ/4 plate; HWP: λ/2 plate; PBS: polarising beam-
splitter cube; CCD: charge-coupled device camera; QPD: quadrant photodiode. In
the section labeled ‘Sagnac interferometer’, counter-circulating beams at the spiral
phase plate (SPP) generate two phase vortex beams, one of which has the sense
of phase increase reversed by an additional reflection at the Dove prism. In the
section labeled ‘Polarisation control’, two half-wave plates (HWPs) rotate the CVB
polarisation vector to make an angle ϕ0 with the radius. The trapping laser is a
1064 nm, Nd:YAG laser. A second laser (633 nm, HeNe) operates at low power to
act as a probe laser for calibration purposes. The HeNe laser light back-scattered
by the trapped particle is collected by the same objective used to focus both the
trapping and probe laser beams on to the particle. A combination of a polarising
beam splitter cube and a quarter-wave plate splits the incident and reflected beams
so that the reflected light is directed on to a quadrant photodiode (QPD). A lens
images the back focal plane of the objective lens on to the QPD. A CCD camera is
used to image particles in the sample.
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5.3 Data analysis
To analyse the data, each series of time and voltage data is split into 40 sections:{t, V }i, where i = 1 ∶ 40, t is time, and V is voltage. The length of each section is
0.25 s, which is much longer than the decay time, τ . For each section, the mean
voltage value is subtracted so that ⟨V ⟩ = 0. Figure 5.2(a) shows a typical time and
voltage series of total duration 10 s, sampled at 50 kHz. Figure 5.2(b) demonstrates
how each 10 s data series is divided into 40 shorter sub-series.
The autocorrelation method introduced in chapter 2 is used to calibrate the
optical trap. The autocorrelation of each of the n = 40 data sub-series is calculated
individually:
yj = CV V (τj) = ⟨V (t)V (t + τj)⟩ , (5.1)
where yj = CV V (τj) is the autocorrelation function, τj is the lag time, l is the index
of the time series and N = 12,500 is the total number of data points in each time
series.
For each value of lag time, τj, the mean and standard error in the mean are
calculated from all n = 40 individual autocorrelation functions:
y¯j = 1
n
n∑
i=1 yi,j (5.2a)
∆yj = ¿ÁÁÀ n∑
i=1
(yi,j − y¯j)2
n(n − 1) , (5.2b)
thus a data set is obtained with
{τj, y¯j,∆yj}j=1∶N . (5.3)
Figure 5.2(c) shows a plot of the individual autocorrelations of each of the n = 40
sub-series. The direction of averaging to obtain the mean and standard error in the
mean is indicated by the arrow on the figure. An exponential function,
y(τ) = yτ=0 exp (−λττ) , (5.4)
is fitted to the dataset in equation 5.3, where λτ is the decay constant of the expo-
nential. Since the mean value of the voltage series is subtracted from the voltage
series prior to calculating the autocorrelation, no y offset term is included in the
exponential function. Only the data points which are above the level of the noise
fluctuations at long lag times (low frequency) are used in the fit. This corresponds
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to a length of data included in the fit of approximately 3 times the decay time (3λτ ).
Figure 5.2(d) shows the mean of the autocorrelation functions with error bars in-
dicating the standard error in the mean. The exponential fit is superposed in red.
The inset, showing an enlarged view of a section of the autocorrelation data and fit,
demonstrates that the fitted function passes through the error bars.
Figure 5.2: The procedure used to analyse the trap calibration data. (a) A typical
time and voltage series of total duration 10 s, sampled at 50 kHz. (b) A sub-section
of graph (a) demonstrates the procedure of splitting the 10 s data series into n = 40
shorter sub-series. In graph (a), each sub-series is plotted in a different colour. (c)
A plot of the individual autocorrelations of each of the n = 40 sub-series. The arrow
indicates the axis along which averaging was performed to obtain the mean and
standard error in the mean. (d) The mean of the autocorrelation functions (black)
with exponential fit superposed (red). Error bars indicate the standard error in the
mean. The inset shows an enlarged view of a section of the autocorrelation data
and fitted exponential function.
In order to fit the parameters, a χ2 function is constructed:
χ2 = N∑
j=1
(y¯j − y(τj; yτ=0, λτ))2
∆y2j
(5.5)
and minimised. Minimisation of expression 5.5 is performed using MINUIT min-
imisation libraries as part of ROOT scientifc software [104]. The MIGRAD fit-
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ting strategy (Davidon-Fletcher-Powell variable-metric algorithm) is employed from
within the MINUIT package. The errors are derived from the error matrix esti-
mated by the MIGRAD procedure. As a result of the fit, values are obtained for
the parameters yτ=0 and λτ .
The above procedure is performed for all eight data sets for each polarisation
angle. The mean decay time and standard error in the mean are then determined.
The trap stiffness, κ is then obtained from λτ using:
κ = λτγ, (5.6)
where γ = 6piηrγF is the Stokes viscous drag coefficient, η is the viscosity of the
surrounding medium, in this case water, and r is the radius of the trapped particle.
γF are the Faxe´n correction terms which are calculated and applied to take account
of the finite distance to the cover slip, s = 10 µm. These correction terms are different
for the directions parallel γ∥ and perpendicular γ⊥ to the surface:
γ∥ = 1
1 − (9/16)(r/s) + (1/8)(r/s)3 , (5.7a)
γ⊥ = 1
1 − (9/8)(r/s) + (1/2)(r/s)3 , (5.7b)
and are calculated to order (r/s)3 [105]. Once individual trap stiffnesses are calcu-
lated for the two transverse directions, x and y, and the axial direction, z, the trap
aspect ratio:
κperp
κz
= κx + κy
2κz
, (5.8)
is calculated as a convenient figure of merit to characterise the geometry of the
trapping volume. Using the above averaging procedure is necessary to reduce the
uncertainty to be comparable to that in the drag coefficient, γ.
The trap calibration factor, β, is obtained from the y-intercept, CV V (0), since
β = √CV V (0)κ
kBT
. (5.9)
The calibration factor is defined as β = Sx/x, where Sx is the tracking signal and
x is the particle displacement, kB is Boltzmann’s constant and T is the absolute
temperature of the sample, thus the particle displacement is calculated as:
x = Sx
β
. (5.10)
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5.4 Experimental results
The transverse and longitudinal spring constants of the CVB trap were measured as
a function of the polarisation angle to the beam radius, ϕ0, and the aspect ratio was
calculated for three different sizes of trapped particle, with diameters 384 nm, 1 µm,
and 2 µm. Since the generalised CVB can be expressed as an appropriately weighted
sum of a radially polarised and an azimuthally polarised CVB, it is expected that the
trap spring constants and aspect ratio vary smoothly as a function of ϕ0. Figure 5.3
shows the measured spring constants and aspect ratios as a function of polarisation
angle ϕ0 for 2 µm, 1 µm and 384 nm diameter spheres. The first column shows the
normalised transverse and longitudinal trap spring constants for (a) 2 µm, (c) 1 µm,
and (e) 384 nm diameter spheres. The spring constants are normalised by the
power in the beam cross-section at the beam waist. The error bars on the points are
the standard error in the mean of eight measurements. The lines represent fitted
sinusoidal functions.
For both 1 µm, and 2 µm diameter particles, the radially polarised beam (ϕ0 = 0)
produces higher spring constants in both the transverse and longitudinal directions
than the azimuthally polarised beam (ϕ0 = pi/2). However, for 384 nm diameter
particles, the particles are trapped off centre, in the bright ring of the focused
azimuthally polarised beam, since these particles are too small to overlap with the
bright ring of the ‘donut’ if they are centred on the beam axis. This causes the
trap spring constants for 384 nm particles to appear to be larger for the azimuthally
polarised beam than for the radially polarised beam. For this reason, caution should
be taken when comparing these results with those for other particle sizes.
The second column in figure 5.3 shows the variation of the trap aspect ratio as
a function of the polarisation angle, ϕ0. The aspect ratio is defined as the ratio
between the transverse and longitudinal spring constants, (κx + κy)/2κz. For the
2 µm diameter spheres (ξ = 7.7) and the 384 nm diameter spheres (ξ = 1.5), there is
little change in aspect ratio between the radially and azimuthally polarised beams,
despite the change in the individual spring constants. Therefore the confinement of
the particle does not depend on the polarisation angle and is equal for radial and
azimuthal polarisations. For the 2 µm diameter spheres (ξ = 7.7), the particle is 1.5
times more strongly confined in the transverse (x, y) directions than the longitudinal
(z) direction, while for the 384 nm diameter spheres (ξ = 1.5), the trap is nearly
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Figure 5.3: Experimental optical trap characterisation data. Column 1: Experimen-
tally measured normalised spring constants in the transverse (κperp. = (κx + κy)/2)
and longitudinal (κz) directions as a function of polarisation angle, ϕ0. All spring
constants are normalised by the power emitted by the laser. Column 2: Trap aspect
ratio as a function of polarisation angle, ϕ0. Also shown (green dashed line) is the
measured spring constant for a circularly-polarised Laguerre-Gauss (phase vortex
donut) beam (dotted lines represent the experimental uncertainty). (a) and (b):
2 µm diameter spheres; (c) and (d): 1 µm diameter spheres; (e) and (f): 384 nm
diameter spheres.
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spherical and the particle confinement is equal in all three directions.
However, the 1 µm diameter particles (ξ = 3.8) produce a large variation in as-
pect ratio: at ϕ0 = 0 the radially polarised beam produces a significantly elongated
(ellipsoidal) trap, resulting in 3 times stronger particle confinement in the trans-
verse directions compared to the longitudinal direction, whereas at ϕ0 = pi/2 the
azimuthally polarised beam produces a trap with aspect ratio ≈ 1, i.e. the optical
potential is nearly spherically symmetric and the particles are confined approxi-
mately equally in all three directions. Also shown for comparison, represented by
the green dashed line, are the experimentally determined aspect ratios for a trap
made using a circularly polarised Laguerre-Gaussian (phase vortex) beam. For the
1 µm diameter spheres, the aspect ratio for the Laguerre-Gaussian beam lies half-
way between the aspect ratios of the radially- and azimuthally-polarised beams.
However, for the 2 µm and 384 nm diameter spheres, for which the CVB aspect
ratio graph is flat, the aspect ratio of the Laguerre-Gaussian beam is approximately
1.5 times greater than those of the CVBs. This is explored numerically in sec-
tion 5.6, where it is found that the aspect ratio for the Laguerre-Gaussian beam
may be greater or smaller than the aspect ratios of the radial or azimuthal beam
traps, depending on the particle size.
5.5 Optical trapping force calculations in the T-
matrix framework
Calculations of the radiation force on a particle were carried out using code [33, 38]
written by Prof Rosalba Saija and colleagues at the University of Messina, Italy. I
ran this code remotely on the computer cluster located at the University of Messina.
The code calculates the radiation force acting on a particle in the T-matrix frame-
work. This method was introduced in section 1.2.3 and a more detailed description
may be found in references [33, 38].
The code determines the force on the particle for specified input parameters
which include refractive index of the particle and surrounding medium, particle size
and shape, polarisation state of the trapping laser beam, numerical aperture, fill
factor of the objective lens and the distance from the cover slip at which the particle
is trapped. First the T-matrix of the scattered field is calculated and the incident
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field is defined at all positions on a 3-dimensional grid. The output of the code is a
file containing the x, y and z directed components of the force for all positions on
the grid, with specified resolution and extending a predetermined distance around
the paraxial focus of the beam. A flow chart illustrating the modules of the code is
shown in figure 5.4.
Plots of force vs particle displacement in each (x, y and z) direction are then
produced. The trapping position of the particle in the longitudinal (z) direction is
typically offset from the centre of the grid due, in part, to the ‘pushing’ effect of
the optical scattering force. To calculate the force on the particle at the equilib-
rium trapping position, the z (longitudinal) coordinate at which the z-directed force
vanishes is found. The force plots in the transverse (x and y) directions are then
produced in the equilibrium trapping plane z = ze. Plots of the longitudinal and
transverse forces on a 2 µm diameter spherical polystyrene particle as a function
of particle displacement are shown in figure 5.5. The beam is a linearly-polarised
Laguerre Gauss, and there is no spherical aberration.
Increasing the distance from the cover slip at which the particle is trapped in-
creases the amount of spherical aberration present in the beam at the trapping
location. This has the effect of both further increasing the distance from the cover
slip at which the particle is trapped, and introducing an asymmetry in the force-
displacement curve. This can be understood by considering the intensity distribution
of a strongly-focused CVB with spherical aberration, as shown in figure 3.13.
To calculate the optical trap stiffnesses, κx, κy, and κz, the gradients of each of
the force-displacement graphs, δFx/δx, δFy/δy, and δFz/δz, are calculated at the
equilibrium position, xe, ye, and ze, where the force vanishes. Graphs exhibiting
negative gradient at the equilibrium position, as in figure 5.5, indicate a restoring
force which can be expected to optically trap a particle.
5.6 Theoretical results and comparison with ex-
perimental results
Figure 5.6 shows the calculated trap aspect ratio for a range of particle size parame-
ters (ξ = pind/λ0, where n is the particle’s refractive index, d is the particle diameter
and λ0 is the laser wavelength) and three polarisation states: radial polarisation, az-
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Figure 5.4: Flow chart demonstrating the structure of the codes used to calculate the
optical force on a particle. The routine edfb.f calculates the wavelength dependence
of the refractive indices. The incident field is calculated by the routine frfme.f. The
T-matrix of the scattered field is calculated by sph.f. Finally, the routine lffft.f
calculates the Cartesian components of the force on the particle at all positions on
the 3D grid.
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Figure 5.5: (a) Graph of the optical force on a 2 µm diameter spherical polystyrene
particle in the transverse, x, and longitudinal, z, directions, as a function of displace-
ment in the same directions from the location of the paraxial focus. (b) Close-up of
graph (a), highlighting the region around the paraxial focus. The gradient of each
graph is calculated at the equilibrium positions where F = 0, marked on the graph
as xe and ze. The gradient at the equilibrium position is negative, hence the force
is restoring and the particle is trapped. The beam is a linearly-polarised Laguerre
Gauss and there is no spherical aberration.
imuthal polarisation, and a linearly polarised Laguerre-Gauss (phase vortex) beam.
As demonstrated in section 3.2.2 of chapter 3, each of these beams has the same
‘donut’ intensity distribution in the far-field, but behaves differently under strong
focusing. It is evident that the shape of the optical trap depends critically on both
the polarisation state of the ‘donut’ beam and the size of the particle. Indeed, the
state that produces the most elongated trap (highest aspect ratio) may be either
the radially polarised or the azimuthally polarised beam, depending on the particle
size. Furthermore, the aspect ratio of the Laguerre-Gauss beam may be larger or
smaller than the aspect ratio of either CVB.
Table 5.1 shows a comparison between the experimentally measured trap aspect
ratios and those determined from the light scattering calculations. It is clear that
the calculated values lie outside the uncertainties associated with the experimental
data. One possible reason for this is the effects of spherical aberration, which are
not accounted for in the above calculations. Spherical aberration is introduced when
focusing through a planar interface, in this case from the cover slip to the water in
which the particles are suspended, and is known to degrade the strength of an optical
trap the further away from the cover slip the particle is trapped [106]. A discus-
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Figure 5.6: Calculated trap aspect ratio, (κx + κy)/2κz, as a function of the size
parameter, ξ = pind/λ0, for radial, azimuthal and linear polarisation states. The
vertical lines mark the particle diameters which correspond to the experimental
measurements.
sion of the effects of spherical aberration on the focusing of CVBs was presented in
section 3.2.3, together with plots of the aberrated focused field distributions. Fur-
thermore, calculations of spring constants of metallic particles in optical traps have
been found to require the introduction of spherical aberration in order to achieve
agreement with experiment [102]. Additionally, the filling factor of the objective
pupil (defined as the ratio of beam radius to aperture radius) is also expected to
play a role here as this affects not only the structure of the focal volume but also
the amount of spherical aberration that is introduced.
Spherical aberration was introduced in the calculations by varying the distance
from the cover slip, b, at which the particle was trapped. The effect of spherical
aberration on the trap aspect ratio was calculated and is shown in figure 5.7(a)
for a 2 µm diameter sphere for radially and azimuthally polarised trapping beams,
and a pupil filling factor f0 = 1. Here it can be seen that the effect differs for the
two polarisation states, with the aspect ratio for the azimuthally polarised beam
being much more severely affected by spherical aberration than that for the radially
polarised beam: the nearly spherical trap predicted for azimuthal polarisation and
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Figure 5.7: (a) Calculated aspect ratios for 2 µm diameter spheres trapped at various
distances from the cover slip with a fill factor of 1.0. (b) Calculated aspect ratios
for 2 µm diameter spheres trapped at 2 µm from the cover slip as a function of
the fill factor of the objective entrance pupil. (c) Calculated aspect ratios for 1 µm
diameter spheres trapped at various distances from the cover slip with a fill factor
of 1.0. (d) Calculated aspect ratios for 1 µm diameter spheres trapped at 2 µm
from the cover slip as a function of the fill factor of the objective entrance pupil. (e)
Calculated aspect ratios for 384 nm diameter spheres trapped at various distances
from the cover slip with a fill factor of 1.0. (f) Calculated aspect ratios for 384 nm
diameter spheres trapped at 2 µm from the cover slip as a function of the fill factor
of the objective entrance pupil.
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2 µm 1 µm 384 nm
Radial polarisation Experiment 1.56 ± 0.03 3.40 ± 0.23 1.06 ± 0.10
Theory 1.84 1.32 3.44
Azimuthal polarisation Experiment 1.54 ± 0.03 1.14 ± 0.17 1.23 ± 0.06
Theory 1.24 2.16 11.40
Table 5.1: Comparison between experimentally determined and theoretically pre-
dicted trap aspect ratios for 2 µm, 1 µm, and 384 nm diameter spheres in optical
traps made with radially or azimuthally polarised beams.
zero aberration becomes significantly more elongated as the trap location is moved
away from the cover slip. Furthermore, the aspect ratio of the azimuthally polarised
trap becomes significantly more elongated than the radially polarised beam trap.
The azimuthally polarised beam is affected more by spherical aberration since it
focuses to a ‘donut’ shape and spherical aberration acts to increase the size of the
dark ‘hole’ in the centre of the beam. The aspect ratio of the trap increases due to
a decrease in the axial trapping force. The trapping force is directly related to the
overlap of the bright part of the beam with the particle, thus particles with diameters
smaller, or comparable to, the size of the dark ‘hole’ are not axially trapped. While
increasing the spherical aberration in an azimuthally-polarised beam directly affects
the axial trapping force, the radially-polarised beam focuses to a bright spot on
axis. Even though spherical aberration acts to broaden the transverse spot size, the
bright region on-axis remains, and hence the axial trapping force is not reduced to
the same extent as for azimuthal polarisation.
A cover slip distance, b, of 2 µm produces aspect ratios for radial and azimuthal
polarisation beam traps, for 2 µm diameter spheres, which agree with the exper-
imental results within the associated uncertainties. This is not the same value of
cover slip distance used in the experiment but the discrepancy may be due to the as-
sumption of a perfectly collimated beam in the calculations. In practice, a perfectly
collimated beam is unachievable. The small amount of unavoidable divergence in
the beam in the experiment would act to move the focus of the trapping beam away
from the cover slip.
Figure 5.7(b) evaluates the effect of the pupil fill factor; f0 = w0f sin θmax , where
f is the focal length of the lens, and θmax is the maximum convergence angle; on
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the trap geometry for a fixed amount of spherical aberration at a distance of 2 µm
from the cover slip for 2 µm diameter spheres. For a fill factor of f0 = 1, radially
and azimuthally polarised beams produce traps with the same aspect ratio. For the
range 0.8 < f0 < 1.2, the shape of the trap is relatively insensitive to the pupil fill
factor, but the trap aspect ratio changes significantly for both polarisation states
outside this range.
Calculations of the trap aspect ratio for differing trapping distances from the
cover slip, and different objective fill factors were carried out for 1 µm diameter
spheres (figures 5.7(c) and (d)) and 384 nm diameter spheres (figures 5.7(e) and (f))
using the same parameters as above. As for the 2 µm spheres, the graphs for the
1 µm spheres exhibit greater variation for the azimuthally polarised beam than radial
polarisation. However, the aspect ratio was greater for the trap using the azimuthally
polarised beam than that using the radially polarised beam, over the ranges of cover
slip distance and fill factor studied. For the 384 nm diameter particles, graphs are
provided for the radially polarised beam only, since the azimuthally polarised beam
does not produce a stable trap for this particle size. The aspect ratio of the trap
increases very quickly with increasing distance from the cover slip and decreases
very quickly for decreasing objective lens fill factor.
Taken together, the results of the above calculations suggest that for accurate
calculation of optical trap parameters, precise determination of both the degree of
pupil over- (or under-) filling and the amount of spherical aberration in the focused
beam are necessary.
5.7 Summary and outlook
Summary
The differing focal volume field distributions of CVBs when focusing under high
numerical aperture naturally leads to the ability to tailor the shape of the focal
volume, and hence the optical trapping volume, in an optical tweezers. The purely
radial and azimuthal polarisation states form a basis from which any generalised
CVB may be formed as a superposition state, thus by changing the relative amounts
of radial and azimuthal polarisation, any generalised CVB may be created and the
shape of the focal volume may be controlled. Since the optical trapping forces in an
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optical tweezers depend on the intensity distribution, changing the angle, ϕ0, that
the electric field polarisation vector makes with the beam radius allows the geometry
of the trapping volume to be tailored to specific particle types.
In this chapter, the trap spring constants and the trap aspect ratio have been
measured as a function of polarisation angle, ϕ0, for optically trapped spherical
particles of different sizes. It was shown that, for fixed particle size, the aspect
ratio of the trap may be controlled using the polarisation angle of the CVB and
the size of the trapped particle determines for which polarisation state the trap is
most elongated (higher aspect ratio). The experimental results were compared with
a theoretical model of optical trapping using CVBs, derived from electromagnetic
scattering theory in the T-matrix framework [33, 103]. The effects of spherical aber-
ration were investigated and it was shown that the amount of spherical aberration
and degree of objective pupil over- or under-filling is significant in determining the
shape of the trapping volume, as both of these factors can change which polarisation
state produces the more elongated trap.
Outlook
The relationship between the trap aspect ratio and the size parameter (shown in
figure 5.6) is not straightforward and experimental and theoretical data for more
particle sizes would be useful to establish which size parameters give the most elon-
gated or oblate trapping volume. It is also clear that the aspect values for any
particle size and polarisation state depend strongly on both the spherical aberration
and the filling factor of the lens. In order to better understand the relationship be-
tween the particle size and the aspect ratio, it would be desirable to obtain sufficient
theoretical data points to reconstruct this two-dimensional surface.
The ability to shape the optical trap according to the particle properties has
lead to improved optical trapping of elongated particles - carbon nanotube bundles
- using radial and azimuthal polarisation states [88]. Further investigation of the
optimum combination of the optical properties and particle types in optical traps
using CVBs is likely to lead to increased resolution nanoprobe-based photonic force
microscopy compared to using standard linearly polarised beams.
Chapter 6
Trapping and deformation of
microbubbles in a dual-beam
fibre-optic trap
6.1 Introduction
The cross-section annular intensity distribution of cylindrical vector beams leads to
a further application in optical micromanipulation: the trapping of low refractive
index objects. In a conventional optical trap, due to the Gaussian intensity profile of
the trapping laser beam, particles with refractive index higher than the surrounding
medium experience optical gradient and scattering forces which confine them to the
beam axis (the region of maximum intensity). However the trapping of low relative
refractive index particles presents a challenge since these particles are repelled from
such a trap. Particles such as these may be trapped at a point of low intensity
surrounded by a ring of high intensity. Two approaches are typically used to achieve
this: either the beam may be shaped [107] using phase [108, 109] or polarisation
elements [110] to create an optical vortex beam with a dark core and a ‘donut’-
shaped intensity profile, or the beam may be scanned around the perimeter of the
object to be trapped faster than the particle can diffuse away from the trapping
region to create a time-averaged trapping potential [111, 112, 113].
In this chapter, the trapping of low refractive index objects, using a dual-beam
trap consisting of two counter-propagating cylindrical vector beams, is proposed, as
shown in figure 6.1. Specifically, the particles that are considered are gas microbub-
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bles suspended in water.
Gas microbubbles stabilised by a lipid or polymer shell are routinely used as
the most effective contrast agent for ultrasound imaging [114]. More recently, in
addition to their diagnostic use, ultrasound contrast agent microbubbles (UCAMs)
have been investigated for an extended range of uses in therapeutic applications such
as focused ultrasound surgery [115], thrombolysis [116], gene therapy [117], and as
microcapsules for targeted drug delivery [118]. However, despite their widespread
applications, the behaviour of coated microbubbles under insonation is still not well
understood [114], primarily due to the lack of experimental data obtained from
single UCAMs rather than averaging over a polydisperse population. In particular,
the influence of the viscoelastic properties of the shell on UCAM oscillations is an
area of active research [119]. Understanding the dynamics of UCAMs is thus an
important challenge in order to fully exploit their acoustic properties and develop
new diagnostic and therapeutic applications [119].
In this chapter, trapping of UCAMs using a dual-beam fibre trap geometry [120]
is proposed and the effect of the optical forces on the shape of the trapped microbub-
ble is investigated. Instead of exciting the fundamental TEM00 mode in the fibre,
use of the higher order TE01 and TM01 fibre modes [100] which exhibit ‘donut’ in-
tensity profiles is proposed. Results of geometrical optics calculations are presented,
which predict that this configuration can be used to stably trap UCAMs in three
dimensions. It has previously been demonstrated that a high-index particle trapped
in a conventional dual beam trap experiences significant surface forces due to the
trapping beams. For soft materials these forces can be significant and produce an
elongation along the beam axis (the so-called ‘optical stretcher ’). This technique can
be used to measure the elasticity of deformable micro-objects [121, 122] and has been
used to discriminate between healthy and cancerous cells [123]. In this chapter, the
photonic stress distribution over the surface of a UCAM trapped in the dual-beam
geometry described above is calculated and elastic membrane theory [124] is used to
calculate the resultant stress-induced deformation of the microbubble. Measurement
of the microbubble deformation in such an experiment will permit a quantitative
determination of the Young’s modulus of the shell material of a single UCAM.
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Figure 6.1: A dual-beam fibre-optic trap, consisting of two counter-propagating
CVBs, is proposed which could be used to trap and controllably deform microbub-
bles.
6.2 Ray optics model
A spherical microbubble of radius R held in a dual-beam fibre trap formed by either
the TM01 or TE01 mode of the optical fibre is considered. These modes can be
deliberately selectively excited by coupling a Laguerre-Gaussian laser mode or a
CVB into a bimodal fibre [100], and on leaving the fibre the mode evolves into a
CVB, as described in section 4.4 of chapter 3. Far from the end of the fibre (the beam
waist), the transverse intensity distribution of such a beam can be approximated
as [31, 74]:
I(r, z) = 4P
piw40
r2 exp(− 2r2
w(z)2) , (6.1)
where r is the radial coordinate and w(z) is the transverse size of the beam.
The interaction of the light with the bubbles is modelled using ray optics. The
shell thickness (which is typically much less than the optical wavelength, λ0 [125]) is
neglected and only the interface between the surrounding water and the gas inside
the bubble is considered. A wavelength of λ0 = 1064 nm (Nd:YAG laser) is used,
therefore the criteria for the validity of the ray approach [126], 2pin1R/λ0 >> 1 (n1
the refractive index of the surrounding medium), is fulfilled for typical UCAMs with
radii of a few microns.
The beam is decomposed into rays with appropriate intensity, momentum, and
direction, which propagate in a straight line in a uniform, non-dispersive medium.
When the ray is incident on the interface of two different dielectric media with
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refractive indices n1 and n2 at an angle α, it is refracted according to Snell’s law,
n1 sinα = n2 sinβ, where β is the angle of the refracted ray. A fraction of the energy,
RF(α), is reflected at the interface; the remainder of the energy, TF(α) = 1−RF(α),
is transmitted. Figure 6.2(a) shows the fractions of reflected and transmitted light
for a ray incident normal to a surface and figure 6.2(b) shows the refraction of a
ray incident at a non-normal angle of incidence, in accordance with Snell’s law. In
this case, which corresponds to the case of a ray entering a microbubble suspended
in water, the ray passes from a region with refractive index n1 to a region of lower
refractive index, n2, thus the ray is refracted away from the normal.
Figure 6.2: (a) The momentum transferred to the interface as a result of a ray
impinging on the interface of two dielectric media at normal incidence; (b) Partial
reflection and refraction of a ray incident at some angle, α, at an interface between
two different dielectric media.
The fractions of reflected, RF(α), and transmitted, TF(α), light are dependent on
the angle of incidence and are given by the Fresnel equations [127]. The cylindrical
symmetry in the polarisation structure of the modes means that all rays are polarised
either parallel or perpendicular to the plane of incidence for TM01 and TE01 modes,
respectively. The Fresnel reflectivity coefficient is
RF(α)TM01 = (n1 cosβ − n2 cosαn1 cosβ + n2 cosα)2 (6.2)
for the TM01 beam, and
RF(α)TE01 = (n1 cosα − n2 cosβn1 cosα + n2 cosβ )2 (6.3)
for the TE01 beam. The transmission coefficients are given by
TF(α)TM01 = 1 −RF(α)TM01 (6.4)
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and
TF(α)TE01 = 1 −RF(α)TE01 . (6.5)
Each ray carries a momentum, p, proportional to its energy, E, and the refractive
index, n1, of the medium in which it travels,
p = n1E
c
kˆ, (6.6)
where c is the speed of light in vacuum. This momentum is conserved at refraction
and reflection: when the light ray is incident on the bubble, the momentum of
the ray changes in direction and magnitude, and the difference is acquired by the
element of surface area.
The net change in the momentum of each ray when crossing a boundary between
media with different refractive indices n1, n2 is
∆p = pi − pt − pr, (6.7)
where the vector sum of the momenta of the incident ray pi = En1/c; the reflected
ray, pr = RF(α)En1/c; and the transmitted ray, pt = TF(α)En2/c; is balanced by a
mechanical force on the bubble membrane proportional to ∆p. The resultant force
is
F = ∆p
∆t
= n1∆E
c∆t
kˆ = Qn1P0
c
kˆ, (6.8)
where P0 is the power contained in the incident ray, and Q, the optical trapping
efficiency, is a dimensionless factor describing the fraction of optical momentum
transferred.
To calculate the total force acting on the bubble centre of mass, it is sufficient to
compare the momentum of the incident and transmitted light. The bubble acquires
the difference which results in a force acting on its centre, thus to calculate the total
trapping force acting on the bubble it is necessary to integrate over the surface.
However, for the calculation of the surface stress profile, the situation at every
surface element of the particle is of interest, and the dependence on the position
coordinates is retained.
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6.3 Calculation of trap potential
6.3.1 Method used for calculation of trap potential
Optical trapping of low index particles in a ‘donut’ intensity distribution can be
understood in the same way as for high index particles in a Gaussian beam. By
considering the intensity distribution across the beam cross-section, and therefore
the intensity of the rays as they intersect the bubble and are refracted, it is evident
that a net gradient force acts towards the beam axis, and radiation pressure acts to
push the bubbles in the direction of beam propagation. The individual forces are
depicted in figure 6.3.
Figure 6.3: Ray optics diagram depicting the optical trapping forces involved in
trapping a microbubble in the (a) transverse and (b) axial directions. (a) For a
microbubble displaced in a transverse direction (downwards) from the optical axis,
more light is refracted downwards than upwards, thus by Newton’s third law a force
acts on the bubble in an upwards direction, i.e. towards the optical axis. (b) For a
microbubble positioned on the optical axis of a weakly-diverging beam propagating
from left to right, the bubble refracts the rays away from the opical axis. For
rays refracted away from the optical axis, the momentum in the direction of beam
propagation is reduced. Newton’s third law dictates that an equal momentum must,
therefore, be transferred to the microbubble in the direction of beam propagation.
The trap potential is calculated for a microbubble in a dual-beam fibre trap using
the geometry proposed by Sidick et al. [120] and shown in figures 6.4 and 6.5. In
this approach, the force generated by each ray incident on the surface of a spherical
microparticle is decomposed into a scattering force component, dFs, parallel to the
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direction of propagation of the ray, and a gradient force component, dFg, in the
orthogonal direction, which are given by:
dFs = sˆn1
c
qsdP, (6.9)
dFg = gˆn1
c
qgdP, (6.10)
where n1 is the refractive index of the surrounding medium, dP is the differential
power of the ray, and sˆ and gˆ are the unit vectors in the directions of dFs and dFg,
respectively. Figure 6.4 shows the orientation of the sˆ and gˆ unit vectors for some
ray incident on a bubble at non-normal incidence. The ray undergoes an infinite
number of reflection and transmission events, and the magnitude of the reflected ray
decreases significantly at each subsequent event. Summing over an infinite number
of events results in the expressions for the fractions of the momentum of the incident
ray transferred to the centre of mass in the scattering and gradient directions [18]:
qs = 1 +RF cos 2α − T 2F cos(2α − 2β) +RF cos 2α1 +R2F + 2RF cos 2β (6.11)
and
qg = −RF sin 2α + T 2F sin(2α − 2β) +RF sin 2α1 +R2F + 2RF sin 2β . (6.12)
Figure 6.4: The path of a ray incident on a bubble at non-normal incidence and the
subsequent infinite number of reflection and refraction events.
For each position on the surface of the bubble, dFs and dFg are calculated and
projected on to the coordinate axes x and z. The trapping efficiencies in these direc-
TRAPPING AND DEFORMATION OF MICROBUBBLES 102
Figure 6.5: The geometry for the calculation of the trapping potential. A spherical
microbubble is positioned midway between two optical fibres. The fibres are sepa-
rated by a distance 2s and displaced a distance d from the z-axis on which the centre
of the microbubble lies. The bubble is displaced in the z direction by a distance A
from the equilibrium position. The distance from the centre of the fibre aperture to
a point, P , on the surface of the bubble is defined as Rc, Rz is the projection of Rc
onto the z-axis, and a is the distance from the centre of the fibre aperture to the
projection of point P on to the z-axis. The angle, γ = cos−1 ((R2c + a2 − r2)/2aRc),
is the angle between Rc and a.
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tions, Qx and Qz, are calculated by integrating over the surface of the bubble [120]:
Qx =2R2
pi ∫ pi0 dθ∫ ϕmax0 dϕ sin 2ϕr2 (exp(−2r2/w(z)2)w(z)2Rc )× (qs(R sinϕ cos θ − d)
+ qg
tanγ
[R sinϕ cos θ − d(1 − Rc
a cosγ
)]) ,
(6.13)
Qz =2R2
pi ∫ pi0 dθ∫ ϕmax0 dϕ sin 2ϕr2 (exp(−2r2/w(z)2)w(z)2Rc )× (qsRz + qg
tanγ
[Rz − Rc(Rz +R cosϕ)
a cosγ
]) , (6.14)
where w(z) = w0√1 + (z/zR)2, and the other symbols are as defined in figure 6.5.
The integration was performed using Wolfram Mathematica software [128] with the
numerical integration function NIntegrate. The boundary of the illuminated part of
the bubble, ϕmax, which occurs when the angle of incidence of the ray α = pi/2, is
calculated numerically by solving d2 + (Rz +R cosϕ) −R2 −R2c = 0 with ϕ = ϕmax.
The centre of the bubble is displaced from equilibrium in the transverse and axial
directions, individually. For each displacement the total momentum transferred in
the transverse and axial directions to the bubble is calculated. The normalised trap
spring constants are calculated in the transverse and axial directions, defined as
κx = −∂Qx/∂D′ and κz = −∂Qz/∂Z ′0, respectively, by calculating the gradient of Q
with respect to displacement at the equilibrium position. The particle is trapped at
the position where the parameter Q vanishes with negative gradient.
6.3.2 Results of trap potential calculations
The transverse and axial trapping efficiencies, Qx and Qz, respectively, are evaluated
over a range of values of the normalised displacement parameters, Z ′0 = A/w(s)
(axial displacement) and D′ = d/w(s) (transverse displacement). The beam width
at the mid-point between the fibres is defined as w(s) = w0√1 + (s/zR)2, where
zR = piw20/λ is the Rayleigh range of the beam. The beam waist at the fibre output
is w0 = 5 µm; the fibre separation, 2s, is 200 µm; and the wavelength, λ0, of both
beams is 1.064 µm. For these parameters, the beam width at the mid-point between
the fibres is w(s) = 8.4 µm. The refractive index of the suspending medium is taken
to be n1 = 1.3330 and the refractive index of the gas inside the bubble is n2 = 1.0003.
Figure 6.6 shows the dependence of the (a) transverse and (b) axial trapping
efficiencies, Qx and Qz, respectively, on the normalised offset from the equilibrium
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Figure 6.6: Variation of parameters that quantify the strength of the dual-beam fibre
optic trap. (a) Transverse trapping efficiency, Qx, as a function of normalised trans-
verse displacement, D′; (b) Axial trapping efficiency, Qz, as a function of normalised
axial displacement, Z ′0; (c) Variation of transverse spring constant with normalised
microbubble size, R/w; (d) Variation of axial spring constant with normalised mi-
crobubble size, R/w. For these calculations s = 100 µm, w(s) = 8.4 µm and both
beams are TM01 mode. For large bubbles, the axial force on the bubble is negative,
thus large bubbles are not expected to be trapped.
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position for different values of the normalised bubble radius, R/w(s). For these
calculations the bubble radius is varied between 1 and 9 µm, and both beams are
the TM01 mode. The transverse trapping efficiency, Qx, is calculated at Z ′0 = 0,
where Qz = 0; similarly the axial trapping efficiency Qz, is calculated at D′ = 0,
where Qx = 0. The stable trapping point is where the parameter Q vanishes with
negative gradient.
The buoyancy of the bubble causes the equilibrium position of the bubble to
be displaced upwards from the beam axis, i.e. the trapping position of the bubble
occurs at z = 0 but x > 0. Since the buoyancy scales as R3, larger bubbles are
displaced more than smaller bubbles. However, assuming a power in each beam of
100 mW, the maximum displacement of the centre of the bubble from the z−axis
is less than 0.001R. Therefore, for the two-dimensional stress calculations, it is
reasonable to assume that this displacement is negligible.
For small displacements from equilibrium, both Qx and Qz are linear and restor-
ing for most bubble sizes, showing that this configuration can be used to trap mi-
crobubbles. However, bubbles larger than radius ≈ 8 µm (for this fibre separation
and beam size) are not trapped axially. This is evident from the graph for the bubble
with radius 9 µm (marked by the green dotted line in figure 6.6(b)) which shows a
positive gradient at Z ′0 = 0, causing this bubble to be ejected from the interaction re-
gion. This can be understood by considering the overlap of the bubble cross-section
with the beam intensity profile. Small bubbles are confined almost solely within the
dark ‘hole’ of the beam. Larger bubbles start to overlap with more of the bright
ring of the beam. Very large bubbles interact with the whole beam cross-section and
thus are repelled by the beam due to their low refractive index. This is depicted in
figure 6.7.
Figures 6.6 (c) and (d) show the variation of the trap normalised spring constants
in the transverse, κx = −∂Qx/∂D′ and axial κz = −∂Qz/∂Z ′0 directions respectively,
as a function of microbubble size. As might be expected from the above discussion of
trapping efficiency for a fixed trap geometry (fibre separation and beam diameter)
there exists a bubble radius for which the trap is stiffest, i.e. that optimises the
trapping conditions in the transverse (x−) or axial (z−) directions.
In a standard dual beam fibre trap [120], the maximum trapping force increases
with particle size due to the increase in the total light power hitting the surface of
the particle. However, for a bubble trapped in two ‘donut’ beams, it is found that
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the maximum axial trapping force peaks for some value of relative bubble size. This
behaviour is echoed in the graphs for the trap spring constants, kx and kz. Both
kz and Fzmax become negative for large values of R/w, demonstrating that large
bubbles are not trapped axially.
This can be understood by considering the maximum overlap between the mi-
crobubble and the high intensity regions of the counter-propagating beams. The
force is maximum when there is a maximal overlap. For the transverse (x−) axis
this occurs roughly when R gets close to the waist in the middle of the fibres, while
on the propagation (z−) axis this occurs at smaller bubble radii because of the
propagation/expansion of the beams emanating from the fibres.
Figure 6.7: Diagram showing the difference between how small and large bubbles
interact with the laser mode. (a) Small bubbles are trapped in the potential well
caused by the ‘hole’ in the ‘donut’ beam. (b) Larger bubbles interact with the bright
ring of beam and thus are repelled by the beam.
Figure 6.8: Comparison of (a) the aspect ratios, κx/κz, and (b) the ratio of the
maximum trapping efficiencies, Qx max/Qz max for TM01 and TE01 modes.
Figure 6.8 compares the shape of the trapping potential as a function of mi-
crobubble size for traps made using the azimuthally polarised TE01 fibre mode and
the radially polarised TM01 fibre mode. The trap shape is quantified using the ratio
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of spring constants in the transverse and axial directions, κx/κz (figure 6.8 (a)),
and the ratio of the maximum trapping efficiencies, Qx max/Qz max, (figure 6.8 (b)).
Both graphs show that the volume of the TE01 mode trap is expected to be more
elongated in the axial direction. This difference is attributed to the difference in the
Fresnel reflection coefficients for s- and p-polarised light. Due to the cylindrical sym-
metry of the polarisation structure of the beams, the TE01 fibre mode is s-polarised
and the TM01 mode is p-polarised with respect to the plane of incidence for all
angles. The axial confining force originates predominantly from the scattering force
component arising from the fraction of the ray that is reflected. Therefore, since the
reflectivity coefficient is higher for the s-polarised beam than the p-polarised beam
for all angles of incidence between zero and the critical angle, the axial confining
force is greater for the TE01 mode trap. Conversely, the transverse trapping force
has a higher relative contribution from the optical gradient force which, for similar
reasons, is greater for the TM01 mode trap.
Figure 6.9: The Fresnel reflectivity coefficients as a function of incidence angle, α,
for the TE01 and the TM01 beams.
6.4 Ray optics stress calculation
6.4.1 Method of ray optics stress profile calculation
In order to find the deformation of a particle in the dual-beam trap it is necessary
to calculate not only the force on the centre of mass, but also the distribution of
stress over the surface. The bubble is assumed to be trapped at its equilibrium
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position midway between the two fibre ends and on the beam axis. The cylindrical
symmetry therefore allows the problem to be reduced to two dimensions as shown
in figure 6.10(a).
Figure 6.10: Diagram showing the geometry for calculation of the stress profile. The
path of a ray through the bubble trapped at equilibrium, is shown, including angles
of incidence, α, refraction, β, and the zenithal angle, ϕ, at which the ray is incident
on the microbubble.
A single beam travelling in the positive z direction and incident on the bubble
surface is considered. Each beam is split into rays. Each ray is weighted by the in-
tensity profile which determines the magnitude of momentum carried. The direction
of each ray is determined by the divergence of the beam and the numerical aperture
of the fibre determines the ranges of directions.
Initially, only the section of the surface from ϕ1 = 0 to ϕ1 = pi/2 is considered
(and θ = 0). For each zenithal coordinate, ϕ1, on the front surface, the incident
angle, α, of the ray is calculated. Each ray is propagated through the bubble to its
exit at zenithal coordinate ϕ2. The exit coordinates for each ray are given by
ϕ2 = 2β − ϕ1 (6.15)
as evident from figure 6.10.
The fractions of the ray reflected and transmitted at each incidence (and hence
the momentum transfer from the ray to the surface) are found from the Fresnel
equations as given in equations 6.4 and 6.5 and shown in figure 6.9. Since these
are functions of the incidence angle α, the relative contributions from scattering
TRAPPING AND DEFORMATION OF MICROBUBBLES 109
Figure 6.11: Contributions to momentum transfer to the surface in different regions
of the microbubble. For α < αcrit (region 1), there are contributions from both
reflection and refraction of the ray. For αcrit < α < pi/2, the ray is completely
reflected (region 2). Region 3 is the range of angles where no rays are incident on
the surface. Region 4 is the small range of angles where rays originally incident
on the front surface of the bubble at small α can exit the bubble with a zenithal
coordinate ϕ < pi/2.
and gradient forces therefore vary with position on the bubble surface, and the
relative importance of each can be understood with reference to figure 6.11. For
angles less than the critical angle for total reflection at the water-bubble interface
(α < αcrit, shown as ‘Region 1’ in the figure) contributions to the force on the surface
arise from both partial reflection and refraction of the ray. Above the critical angle
(region 2), the momentum transfer is due to total reflection of the ray only. Region
3 in figure 6.11 denotes the range of zenithal angles where the surface of the bubble
is not illuminated by rays incident from the left. Finally there is a small region of
the bubble surface (denoted region 4) where rays initially incident at small angle α
have a second interaction with the bubble surface at zenithal angle ϕ2 < pi/2.
Each ray incident at some angle α is traced through the bubble and the fraction
of momentum transferred, q, at the first and second incidence on the surface is
calculated. For this calculation further reflections of the ray are neglected since the
momentum transferred to the membrane as a result of a third reflection would be
less than 2% of the momentum transferred to the membrane on the initial reflection.
The momentum transferred to each surface is resolved into components directed
radially and tangentially to the surface. The tangential components can be shown
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to be zero [121], hence the momentum transferred to each surface is directed purely
radially. The fractions of momentum transferred to the first and second surfaces of
the bubble can be calculated from the geometry shown in figure 6.10 and are given
by
q1(α) = I(r, z) (− cosα −R(α) cosα + n2
n1
T (α) cosβ) , (6.16)
and
q2(α) = I(r, z) (T (α) (1 +R(β)n2
n1
cosβ − T (β) cosα)) . (6.17)
The trajectory of each ray depends on the incident zenithal coordinate ϕ1, as
depicted in figure 6.11. Thus for rays incident on the bubble at ϕ1 > ϕcrit, T (α) = 0.
Additionally, in region 4 of figure 6.11, some rays are refracted so far that they
intersect the bubble for the second time on the first surface, i.e. ϕ2 < pi/2. Thus
equation 6.15 is used to calculate which values of incident zenithal coordinate ϕ1 will
result in values of ϕ2 < pi/2. For these rays, the fraction of momentum transferred
at the first and second interactions with the bubble are combined to give the total
fraction of momentum transferred to the front side of the bubble.
Since the exit zenithal coordinates ϕ2 are calculated using equation 6.15, they are
neither equally spaced, nor are they the same values as the incident coordinates ϕ1.
This results in two sets of angle and fractional momentum data: {ϕ(1)j , q(1)j } is the
data for the rays that are incident on the surface of the bubble at the first interface,
as shown in figure 6.12(a), and {ϕ(2)i , q(2)i } is the data for the light which has been
refracted by the bubble and is incident on the back surface of the bubble, as shown
in figure 6.12(b). To enable the momentum profiles to be combined, the coordinates
and momentum values are linearly interpolated. To achieve the interpolation for
each point, ϕ
(1)
j , it is first necessary to find values of ϕ
(2)
i such that
ϕ
(2)
i < ϕ(1)j < ϕ(2)i+1. (6.18)
From the equation of the line depicted in figure 6.12(c), q can be expressed as a
function of ϕ as:
q(ϕ) = q(2)i+1 − q(2)i
ϕ
(2)
i+1 − ϕ(2)i (ϕ − ϕ(2)i ) + q(2)i . (6.19)
The values q1j are calculated by substituting ϕ = ϕ(1)j into equation 6.19.
The total fractional momentum transferred to the surface of the bubble at each
position ϕ is combined by adding the contribution from each interaction with the
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Figure 6.12: The linear interpolation scheme required to combine momentum and
coordinate systems at the front and back surfaces of the microbubble. (a) The angles
ϕ
(1)
j at which momenta q
(1)
j are incident on the front surface of the microbubble;
(b) the angles ϕ
(2)
i at which momenta q
(2)
i are incident on the back surface of the
microbubble; (c) the linear interpolation.
bubble:
qtotal(ϕ) = q(1)(ϕ) + q(2)(ϕ). (6.20)
The radially directed optical stress due to each ray is defined as
σ(ϕ) = n1q(ϕ)I(ϕ)
c
, (6.21)
where I(ϕ) is the intensity of the ray, for which the Laguerre-Gaussian form of
equation 6.1 is used.
Due to the mirror symmetry plane through the centre of the microbubble at
z = s, the stress profile from ϕ = 0 to ϕ = pi/2 is mirrored to obtain the stress profile
from ϕ = pi/2 to ϕ = pi. Furthermore, for a microbubble trapped on the optical axis
with zero transverse displacement, the stress profile is symmetric around the optical
axis and is independent of θ, thus the one-dimensional calculated stress profile σ(ϕ)
is true for all values of θ, and hence may be simply replicated to describe the stress
profile over the entire surface of the microbubble σ(ϕ,θ).
6.4.2 Results of stress calculation
Figure 6.13(a) shows the normalised optical stress distribution, σ(ϕ)/σ0, as a func-
tion of the zenithal angle, ϕ, on a R = 3 µm radius microbubble as a result of one
beam only. The features occuring in regions 1-4 of figure 6.11 can be clearly ob-
served. The stress on the bubble peaks at a value of ϕ corresponding to the critical
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angle, before decreasing rapidly with ϕ. A second, smaller, peak around ϕ = pi/2
arises from the few rays which are deviated sufficiently by refraction at their first in-
cidence that their second incidence is at zenithal angle ϕ ≤ pi/2 (the angles indicated
as ‘Region 4’ in figure 6.11.
Figure 6.13(b) shows the normalised stress profile, σ(ϕ)/σ0, as a function of the
zenithal angle, ϕ, on a R = 3 µm radius microbubble, trapped in a dual vortex beam
optical trap created using two TM01 beams. The stress profiles for three different
fibre separations with the same absolute microbubble size, i.e. R/w(s) = 0.1,0.6
or 0.8, are compared. The angular distribution of stress over the surface of the
microbubble is little changed by altering the size of the beam at the bubble (i.e. the
fibre separation) with the main feature being the strong peak in the stress around
the critical angle for total reflection at the water to air interface.
The peak stress, σ0, however is a strong function of the size of the microbubble
relative to the size of the beam (see figure 6.13(c)). As might be expected, increasing
R/w increases the overlap of the microbubble with the higher intensity parts of the
‘donut’ shaped beam resulting in higher optical stress.
Figure 6.13(d) compares the stress profile created using two TE01 beams (de-
picted by the solid black line) with that created using two TM01 beams (broken red
line). The differences are due to the differences in the Fresnel reflectivity coefficients
as a function of the angle of incidence, α. The most obvious difference between the
two is the larger peak around ϕ = pi/2 for TM01 beams. Since the reflectivity coef-
ficient for the s-polarised beam TE01 is higher than that for the p-polarised TM01
beam, more of the TE01 beam is reflected at the first interaction with the bubble,
while more of the TM01 beam is transmitted. Thus the refracted rays which inter-
sect the bubble surface for the second time at around pi/2 contain more power for
the TM01 beam than for the TE01 beam.
6.5 Calculation of microbubble deformation
6.5.1 Linear elastic membrane theory
To calculate the expected deformation of the bubble, the bubble is modelled as an
initially spherical elastic shell of thickness h and radius R, as depicted in figure 6.14.
The microbubble is filled with homogeneous and isotropic gas, thus the membrane
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Figure 6.13: (a) The normalised optical stress distribution, σ(ϕ)/σ0, as a function
of the zenithal angle, ϕ, on a R = 3 µm radius microbubble as a result of one beam
only. (b) Optical stress as a function of zenithal angle, ϕ, on a microbubble held
in two TM01 beams for three different normalised radii, R/w. For these graphs the
microbubble radius is held constant (R = 3 µm) and the fibre separation changed
to achieve normalised radii of R/w = 0.1 (solid black line), R/w = 0.6 (dashed red
line) and R/w = 0.8 (dotted blue line); (c) Peak stress per unit power per beam,
σ0/P1 for a R = 3 µm microbubble held in two TM01 beams with R/w = 0.8; (d)
Comparison between the stress profiles created using two TE01 beams (solid black
line) with that created using two TM01 beams (broken red line) for microbubble
relative size R/w = 0.8.
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is considered to be the sole elastic component. Furthermore the limit of small
deformations is assumed such that the induced change of shape of the bubble does
not significantly alter the optical stress distribution and the bubble is not severely
and irrecoverably deformed. The bubble deformation is modelled using a numerical
approach based on the classical mechanical theory of linear elastic membranes [124].
The error introduced using membrane theory instead of the thin shell theory with
finite thickness is of the order of h/R [129]. For typical commercially available
UCAMs, 0.001 < h/R < 0.01 [125].
Figure 6.14: Diagram showing the structure of an ultrasound contrast agent mi-
crobubble consisting of a spherical elastic shell surrounding a gas core.
The geometry and coordinate system for a spherical microbubble subject to an
external stress is shown in figure 6.15. The static equilibrium of an element of the
membrane with position specified by the angles (θ,ϕ) and subject to an external
load, σ = (σr, σθ, σϕ), balanced by internal membrane forces, is considered. The
equilibrium of forces requires [129]:
R
∂S
∂θ
+ ∂NϕR sinϕ
∂ϕ
−NθR cosϕ +R2 sin(ϕ)σϕ = 0 (6.22)
R
∂Nθ
∂θ
+ 1
R sinϕ
∂R2S sin2ϕ
∂ϕ
+R2 sin(ϕ)σθ = 0 (6.23)
Nϕ +Nθ
R
+ σr = 0, (6.24)
where Nϕ and Nθ are internal forces per unit length deformation in the radial di-
rection, in the plane of the membrane element and normal to θ and ϕ, respectively,
and S = hGγϕθ is the in-plane shear force, where G is the shear modulus and γϕθ is
the shear strain.
Equations 6.22 to 6.24 may be understood by considering figure 6.16 which shows
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Figure 6.15: Definition of the geometry and coordinate system for the stress and
deformation calculation on a spherical microbubble. The laser beams are incident
along ±z. Nθ and Nϕ are internal membrane forces in the θ and ϕ directions,
respectively, and ur, uϕ and uθ are displacements of the membrane elements in the
directions r, ϕ and θ, respectively.
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an element of the surface area of the bubble subject to a purely radially-directed
external load, σr. Despite the external force being applied purely radially, displace-
ments of the surface elements occur in both in-plane directions, i.e. in the azimuthal
(θ) and zenithal (ϕ) directions. The internal forces per unit length, Nθ and Nϕ, in
the θ and ϕ directions, respectively, arise as a direct result of these tangential ele-
ment displacements,
Figure 6.16: An element of the surface area of the bubble with position specified
by the coordinates θ and ϕ, lengths R∂θ and R∂ϕ, and subject to an inwards
radially directed external load, σr. Nθ and Nϕ are the internal forces in the θ and ϕ
directions, respectively, per unit length of deformation in the radial direction, thus
Nθ and Nϕ have units Nm−1 and can be identified as the surface tension.
Each equation equates the external load in either the ϕ (equation 6.22), θ (equa-
tion 6.23) or r (equation 6.24) direction with the force on the membrane element,
in all three directions, arising from the load.
The problem may be greatly simplified by again making use of the rotational
symmetry about the z-axis (beam propagation direction) when the bubble is trapped
at its equilibrium position, thus all derivatives with respect to θ vanish. Additionally,
the applied optical stress, σ, is directed purely radially, thus σ = σr and σθ = σϕ = 0,
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and the shear force, S, is zero. In this case, the equilibrium equations reduce to
∂NϕR sinϕ
∂ϕ
−NθR cosϕ = 0 (6.25)
Nϕ +Nθ
R
+ σ = 0. (6.26)
Substitution of equation 6.26 into equation 6.25 yields a differential equation for
the zenithally-directed internal force:
dNϕ sin
2ϕ
dϕ
= −σ(ϕ)R sinϕ cosϕ, (6.27)
and hence:
Nϕ(ϕ) = − R
sin2ϕ
∫ ϕ
0
sinϕ′ cosϕ′σ(ϕ′)dϕ′, (6.28)
where the upper limit of integration designates the position of the membrane ele-
ment in the polar coordinate. From equation 6.26, the internal force, Nθ, may be
calculated as:
Nθ = −Rσ(ϕ) −Nϕ. (6.29)
For small deformations, where the membrane remains within the linear elastic
regime, the resultant deformation of the differential membrane element is related to
the in-plane forces via Hooke’s law as:
ϕ = 1
Eh
(Nϕ − νNθ); θ = 1
Eh
(Nθ − νNϕ), (6.30)
where ϕ and θ are the strains (deformation per unit length) of a segment on the
membrane element in the zenithal and azimuthal directions respectively, E is the
Young’s modulus of the membrane, and ν is the Poisson ratio. For small deforma-
tions, the volume of the membrane remains approximately constant.
The deformation of the membrane is described by the displacement of the mem-
brane element due to the strains. Using the kinematic relation for the strain-
displacement relation [129], we obtain
ϕ = 1
R
∂uϕ
∂ϕ
− ur
R
; θ = 1
R
(uϕ cotϕ − ur) , (6.31)
where ur and uϕ are the displacements of the membrane element in the radial and
zenithal directions, respectively. Eliminating ur in equation 6.31, a differential equa-
tion for the membrane element displacement in the zenithal direction is obtained,
for which the solution is:
uϕ(ϕ) = sinϕ∫ ϕ
0
R(1 + ν)
Eh
Nϕ −Nθ
sinϕ′ dϕ′ +C sinϕ, (6.32)
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where the constant C is obtained from the boundary condition, uϕ(ϕ = pi/2) = 0,
thus
C = −∫ pi2
0
R(1 + ν)
Eh
Nϕ −Nθ
sinϕ′ dϕ′. (6.33)
Divergence of the integral due to the division by sinϕ′ is avoided by the use of
l’Hoˆpital’s rule for ϕ = 0 and ϕ = pi. The membrane element displacement in the
radial direction, ur, is then calculated from equations 6.30 and 6.31, as
ur(ϕ) = uϕ(ϕ) cotϕ − R
Eh
(Nθ − νNϕ). (6.34)
Using the above relations, the normalised fractional membrane element displace-
ments as a function of the polar angle, ϕ can be calculated:
fϕ(ϕ) = uϕ(ϕ)/R
γ
(6.35)
and
fr(ϕ) = ur(ϕ)/R
γ
, (6.36)
where γ = (Rσ0/Eh) is a normalised applied stress and σ0 is the peak value of the
photonic stress function.
6.5.2 Results of microbubble deformation calculations
Figure 6.17 shows the normalised fractional radial, fr(ϕ), and azimuthal, fϕ(ϕ),
membrane deformations for a 3 µm radius microbubble with relative radius R/w =
0.8 in two TM01 beams. The main features of the radially directed stress profile are
reproduced in the graph of radial displacement (solid black line), however due to the
non-zero Poisson ratio (ν = 1/2 is used) some membrane elements also undergo an
azimuthal displacement, as shown by the dashed red line. Due to the normalisation
by a negative peak stress, σ0, the negative fractional radial displacement at ϕ = 0
corresponds to an increase in the radius along the optical axis (where there is a zero
of intensity), and the positive displacement around the critical angle corresponds to
a decrease in the radius. Thus the microbubble is expected to become somewhat
elongated along the trap axis similar to the behaviour of high relative refractive index
cells in the optical stretcher, although the deformation of the low relative refractive
index microbubble in this case is a result of an optical squeezing. Figure 6.18 (a)
- (d) shows a three-dimensional representation of the resulting deformation of the
microbubbles for increasing normalised applied stress γ = 0.1 − 0.4.
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Figure 6.17: The normalised fractional radial, fr(ϕ), solid black line, and azimuthal,
fϕ(ϕ), dashed red line, membrane deformations for a R = 3 µm radius microbubble
in two TM01 beams with R/w = 0.8.
Figure 6.18: Three dimensional representation of the deformation of a microbubble
in the dual-beam fibre trap for increasing normalised applied stress (a) γ = 0.1; (b)
γ = 0.2; (c) γ = 0.3; (d) γ = 0.4.
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The axial elongation, (z − R)/R, of the microbubble as a function of the nor-
malised applied stress, γ = (Rσ0/Eh) is plotted in figure 6.19. The graph may be
described by the equation (z−R)/R = 0.49γ. Rearranging this, and substituting the
expression for γ, gives an expression for the Young’s modulus of the microbubble
shell:
E = 0.49R2σ0
h(z −R) . (6.37)
Thus, by experimentally measuring the elongation of a microbubble along the optical
axis for a known peak stress, σ0, the Young’s modulus of the shell of a microbubble
with known bubble radius and shell thickness may be calculated.
Figure 6.19: Graph showing the axial elongation, (z −R)/R, of the microbubble as
a function of the normalised applied stress, γ = (Rσ0/Eh). The vertical axis on the
right-hand side of the graph shows the axial elongation, (z −R) in units of µm for
a bubble with radius R = 3 µm.
6.6 Fourier analysis of the ray optics stress dis-
tribution
Figures 6.17 and 6.18 show that sharp peaks in the stress distributions translate into
abrupt changes in the bubble shell deformation. In a real experiment such sharp
changes are unlikely to occur for a number of reasons not fully accounted for in the
above theory, including a ‘smoothing’ of the peaks in the stress profile due to the
TRAPPING AND DEFORMATION OF MICROBUBBLES 121
effects of diffraction [130], and the finite response of a realistic bubble shell which
will not respond to the higher spatial frequencies contained within the stress profile.
A Fourier analysis of the stress distribution shows that it is described by a sum
containing only even orders of cosine terms, which may therefore be written as a
summation:
σ(ϕ)
σ0
=∑
m
σm sin
2(mϕ), (6.38)
which may be contrasted with the approximate stress distribution σ(ϕ) ∝ cos2(ϕ)
used for cells [121] (high relative refractive index particles held in a gaussian beam
trap). The amplitudes of the first twelve terms in this series are shown in figure 6.20.
The largest amplitudes in this series are those of the first two terms, for which
the analytical forms for the normalised azimuthal and radial displacement of the
membrane elements are:
f
(1)
ϕ (ϕ) = 1
4
(1 + ν) sin 2ϕ (6.39)
f
(1)
r (ϕ) = 1
8
((3ν − 1) + (5 + ν) cos 2ϕ), (6.40)
and
f
(2)
ϕ (ϕ) = 1
9
(1 + ν) (− sin 2ϕ + sin 4ϕ) (6.41)
f
(2)
r (ϕ) = 1
36
(9(ν − 1) − 2(1 + ν) cos 2ϕ
+(19 + ν) cos 4ϕ), (6.42)
where f
(m)
ϕ = uϕ(ϕ)/Rγ(m) (and similarly for f (m)r ), and γ(m) = Rσ0σmEh .
In this approximation, the maximum fractional change in radius (elongation) of
the microbubble occurs along the optical axis (ϕ = 0) and is
ur(ϕ = 0)
R
= (σ1f (1)r (ϕ = 0) + σ2f (2)r (ϕ = 0))γ = 0.48γ. (6.43)
The stress profile may be reconstructed using the Fourier series terminated at
mmax terms to reduce the higher spatial frequencies. Figure 6.21 compares recon-
structions of the TM01 beams stress profile using different numbers of terms in the
Fourier sequence. For a large number of included terms, for example mmax = 12 as in
figure 6.21(b), the reconstruction of the stress profile tends to that produced using
the ray optics method (shown in figure 6.21(a)). When the number of terms, mmax,
is decreased, the higher spatial frequencies are smoothed out, as demonstrated by
the reconstruction using mmax = 3 terms. It is expected that this stress distribution
will produce a more realistic estimate of the deformed bubble shape.
TRAPPING AND DEFORMATION OF MICROBUBBLES 122
Figure 6.20: Amplitudes, σm, of the coefficients of the first twelve terms in the
expansion of the ray optics stress profile as ∑m σm sin2mϕ.
Figure 6.21: Comparison of the stress distributions achieved by varying the number
of terms in the Fourier reconstruction. (a) Stress distribution obtained by ray optics
calculation; (b) Fourier reconstruction of the stress profile using mmax = 12 terms;
(c) Fourier reconstruction of the stress profile using mmax = 6 terms; (d) Fourier
reconstruction of the stress profile using mmax = 3 terms.
TRAPPING AND DEFORMATION OF MICROBUBBLES 123
6.7 Generalised Lorentz-Mie theory (GLMT) cal-
culations
While the geometric optics model is a useful approximation for larger spheres (that
is, those for which ka ≫ 1) it is to be expected that it will beak down outside
this range. To improve the stress distribution calculation for smaller spheres, a
Generalised Lorentz-Mie theory (GLMT) model was implemented for the scattering
of the polarisation- and amplitude-shaped beam by the microbubble.
A partial wave expansion of the scalar potential for the incident field is con-
structed:
u = 1
k
∑
l
gljl (κr)P 1l (cosϕ) , (6.44)
where κ the laser wavevector, jl(κr) are the spherical Bessel functions of the first
kind, and P 1l (cosϕ) are the associated Legendre polynomials. Since we are consid-
ering fibre modes that are purely TM or TE in character the optical field can be
described by one scalar potential only. By making use of the orthogonality relations
for these functions, namely:
∫ ∞
0
jl′(κr)jl(κr)κd(r) = pi
2(2l + l)δll′ (6.45a)
∫ pi
0
Pml′ (cosϕ)Pml (cosϕ) sinϕdϕ = 22l + 1 (l +m)!(l −m)! , (6.45b)
the amplitudes gl in the partial wave expansion can be determined from the expres-
sion:
gl = (2l + 1)2
pil2(l + 1)2 ∫ ∞0 ∫ pi0 Er(r, z)κrjl(κr)P 1l (cosϕ) sinϕdϕκd(r), (6.46)
where Er(r, z) is the electric field amplitude of the TM01 mode incident laser beam
directed along the radial coordinate, defined in spherical coordinates and centred on
the centre of the microbubble.
The calculated amplitudes for the TM01 mode containing an optical power of
1 W are shown in figure 6.22(a). This calculation is performed at the order L− of
approximation [131], valid for small values of the parameter (κw)−1 and for small
displacements of the scattering spheres from the beam axis.
Having determined the partial wave amplitudes the boundary conditions for the
incident (i), internal (o) and scattered (s) fields are matched:
∂
∂r
[r (ui + us)] = 1
mn
∂
∂r
(ruo) (6.47a)
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ui + us =mnuo, (6.47b)
(mn is the relative refractive index) to find the amplitudes in the partial wave expan-
sion of internal and scattered electric and magnetic fields. The electric and magnetic
field components are then constructed from
Mφ = ∇× φrˆ (6.48a)
Nφ = 1
κ
∇×Mφ (6.48b)
E = Mu + iNν (6.48c)
H =mn (−Mu + iNν) , (6.48d)
where φ = u, v. For the TM01 mode of the fibre Mv = 0 and Nv = 0. The resulting
intensity distribution for a microbubble of radius 3 µm is shown in the r − cosϕ
plane in figure 6.22(b). Evident in this figure is the discontinuity in electric field at
the surface of the bubble that is the origin of the optical stress on the membrane.
The optical stress distribution over the surface of the microbubble is then calcu-
lated from the Maxwell Stress Tensor[132]:
T¯ = 1
2
Re [r0E⊗E∗ + µrµ0H⊗H∗] − 1
4
(r0E ⋅E + µrµ0H ⋅H) I¯ , (6.49)
where ⊗ represents a dyadic product, and I¯ the unit dyadic.
Figure 6.22: (a) The amplitudes, gl, of the terms in the expansion for the scalar
potential in the Mie scattering calculations for P = 1 W ; (b) the intensity of the
scattered fields.
Figure 6.23 shows the stress distribution calculated using the GLMT approach
(solid red line) with the ray optics stress distribution also plotted for comparison
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(broken black line). It is evident that the main features of the stress distribution -
the strong peaks around values of ϕ corresponding to angles of incidence around the
critical angle, αcrit - are reproduced in the plot generated using the GLMT method.
However, the peaks in the GLMT distribution both occur closer to a zenithal angle of
pi/2 than the peaks in the ray optics distribution, and are significantly ‘smoothed’ due
to the fact that the ray optics approach does not take into account interference and
diffraction effects and other wave-dependent properties such as whispering gallery
modes and surface waves [133]. The faster drop-off of stress with zenithal angle,
ϕ, after the critical angle, for the ray optics result compared to the GLMT result
occurs since rays from the front surface do not reach the region of the microbubble
surface near ϕ = pi/2. However, this does not occur in the GLMT model where
the electromagnetic fields do not vanish completely at ϕ = pi/2, as demonstrated by
Boyde et al., for a high index particle in an optical stretcher [133].
Figure 6.23: Normalised optical stress distributions, σ/σ0, as a function of zenithal
angle ϕ calculated using the GLMT approach (solid red line) and the ray optics
method (broken black line).
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6.8 Comparison of stress distribution calculated
using geometrical optics and GLMT methods
Figure 6.24 compares the normalised stress profiles, σ(ϕ)/σ0, on a R = 3 µm radius
microbubble, trapped in a dual beam optical trap created using two TM01 beams,
for a ray optics calculation, a terminated Fourier series (after mmax = 6 terms)
approximation and a GLMT calculation. Better agreement occurs between the
GLMT calculation and the terminated Fourier series approximation than the un-
approximated ray optics calculation.
Figure 6.24: Top row: Normalised optical stress, σ/σ0, plotted against zenithal angle
ϕ calculated using (a) ray optics, (b) the first 6 terms of the Fourier decomposition
of the stress calculated using ray optics, (c) GLMT. Bottom row: The same radially-
directed photonic stress over the surface of the microbubble calculated using (d) ray
optics, (e) the first 6 terms of the Fourier decomposition of the stress calculated
using ray optics, (f) Mie scattering.
Figure 6.25 compares the deformed microbubble shape obtained using the stress
distribution obtained using ray optics calculations, terminated Fourier series (after
mmax = 6 terms) approximation and GLMT calculations. It is clear that, qualita-
tively, there is little difference between the bubble shapes obtained using the Fourier
expansion and the GLMT methods. Both methods result in an elongation of the
microbubble along the optical axis depending on the magnitude of the stress applied
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indicating that, in an experiment, this elongation could be measured to determine
the microbubble properties. Although the GLMT approach is likely to produce more
accurate results for microbubbles with diameters of a few microns, the calculations
are much more complex and computationally intensive than the more intuitive ray
optics method. Using a ray optics approach with a Fourier expansion may be justi-
fied for cases where the exact form of the stress distribution over the bubble is less
important than only the qualitative deformation and fractional elongation.
Figure 6.25: Three dimensional representation of the optically-induced deformation
of a microbubble in the dual-beam trap calculated comparing results obtained using
the ray optics model, the Fourier decomposition of the ray optics model, and Mie
scattering calculations. The data presented is for two values of the normalised ap-
plied stress, γ. (a) Ray optics calculation, γ = −0.1; (b) Fourier expansion (retaining
terms to sin2 6ϕ), γ = −0.1; (c) Mie scattering calculation, γ = −0.1; (d) Ray optics
calculation, γ = −0.3; (e) Fourier expansion (retaining terms to sin2 6ϕ), γ = −0.3;
(f) Mie scattering calculation, γ = −0.3.
6.9 Numerical considerations
The previous calculations show that a peak optical stress of 100 Pa per unit power
is achievable for realistic size microbubbles, and so setting a fractional radius change
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of 5% as the lower limit of detection (although smaller changes are detectable us-
ing advanced image analysis methods [121]), this technique could be used for the
measurement of shell Young’s moduli of up to approximately 1 MPa.
6.10 Summary and outlook
Summary
In this chapter, the use of CVBs in a dual-beam trap geometry was investigated
for the trapping and controlled deformation of shelled ultrasound contrast agent
microbubbles (UCAMs). Results of numerical calculations were presented demon-
strating that a dual-beam fibre-optic trap operating with higher modes of the fibre
(TE01 and TM01) could be used to trap low relative refractive index particles such
as UCAMs. Both the ray-optics approximation, applicable to larger bubbles, and
a GLMT model, applicable to smaller particles, have been used to calculate the
optical stress on the microbubbles. Linear elastic membrane theory was used to
evaluate the resulting optically induced deformation and the expected shape of such
an ‘optically squeezed’ microbubble is presented.
Outlook
The calculations presented in the chapter demonstrated a linear relationship between
the normalised stress applied to the microbubble and the fractional elongation of the
microbubble along the optical axis. It is suggested that by measuring this elongation
for known optical power, the mechanical properties such as the elastic moduli of the
microbubble shell material may be measured in a manner similar to that for cell
membranes in the optical stretcher. This would provide valuable information to
further inform models of the mechanics of microbubble membranes.
Furthermore, the accuracy of the calculations presented may be improved by
implementing an iterative procedure whereby the deformation profile is used to cal-
culate the stress re-distribution and hence the subsequent microbubble deformation
repeatedly until a final equilibrium solution is obtained, similarly to the method
reported in [122] for high index particles.
Chapter 7
Evanescent wave trapping and
propulsion of micro- and
nano-particles using tapered
optical fibres
7.1 Introduction
The optical trapping experiments and calculations presented thus far have utilised
far-field geometries, using either diverging or strongly-focused beams. Similarly, a
particle exposed to an evanescent optical field also experiences a radiative force. This
was first demonstrated by the driving of water-suspended particles above the surface
of a prism by a single laser beam, weakly focused and undergoing total internal
reflection on the prism-to-water interface from below [60]. Later experiments used
two counter-propagating laser beams which lead to stable trapping [134, 135] and
the formation of a variety of self-assembled particle structures dependent on the
polarisation state of the laser beams [136] or the number of bound particles [137].
An alternative scheme for generating an evanescent optical field suitable for
trapping uses an optical fibre that is tapered to a diameter of around the optical
wavelength or smaller. In such ultra-thin fibres a significant fraction of the optical
power is contained in an evanescent field around the fibre which penetrates an appre-
ciable distance into the surrounding medium [61]. Such evanescent field fibre traps
have been used for trapping [138] and probing [139] laser-cooled atoms in addition
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to manipulation of microparticles [140].
In this chapter, evanescent wave optical trapping of micro- and nano-particles is
explored. First the field distributions supported by a single-mode tapered fibre are
calculated and a simple dipole model is used to predict the behaviour of particles in
the evanescent field.
Furthermore, calculations of the optical trapping and scattering forces on metal-
lic nanoparticles are presented, showing that such forces are enhanced for a trapping
wavelength in the vicinity of the nanoparticle’s plasmon resonance. A scheme is de-
scribed for controlling the nanoparticle trajectory along the taper using bichromatic
laser fields and control of the fibre mode polarisations. It is suggested that the
sensitivity of the nanoparticle dynamics to the polarisation and wavelength of the
laser fields through the plasmon resonance could make such tapered fibres an effec-
tive tool for sorting and separating nanoparticles according to property-dependent
criteria.
Finally, tapered optical fibre trapping and propulsion of microparticles is ex-
plored experimentally. Fabrication of tapered optical fibres using a simple and
low-cost heat-and-pull technique is described and results are presented demonstrat-
ing propulsion of microparticles along the fibre taper. It is demonstrated that the
biconical tapers produced in this way are suitable for evanescent-wave trapping and
propulsion of microscopic spherical particles. Differing trajectories of the particles
along the fibre were observed, which can be explained by interaction with different
fibre modes.
7.2 Evanescent field distributions around a ta-
pered optical fibre
The electric field distribution in the region of the tapered fibre waist is calculated
by solving the wave equation for the cylindrical boundary conditions of the tapered
fibre. A numerical solution of the fibre eigenvalue equation [141]:
( J ′l (ha)
haJl(ha) + K ′l(qa)qaKl(qa))(n21J ′l (ha)haJl(ha) + n22K ′l(qa)qaKl(qa)) = ( lβk0)2 [( 1ha)2 + ( 1qa)2]
2
, (7.1)
(where Jl(x) is the Bessel function of the first kind and Kl(x) is the modified Bessel
function of the second kind, J ′l (hr) denotes dJl(hr)/d(hr), and similarly for K ′l(hr),
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1 = n210 is the dielectric constant of the fibre, 2 = n220 is the dielectric constant of
the surrounding medium, and l is 0, 1, 2,...) yields the transverse component of the
mode wavevector inside the glass fibre, h. This wavevector inside the fibre satisfies
h2 + β2 = n21k20 (7.2)
where k0 = 2pi/λ is the vacuum wavevector, n1 is the refractive index of the fi-
bre taper, and β is the longitudinal component of the wavevector. In the region
surrounding the core with refractive index n2 (i.e. the suspending medium), the
transverse wavevector, q satisfies
q2 = β2 − n22k20 (7.3)
and is imaginary, implying a rapidly decaying evanescent field.
The propagation constants of the fields are defined so that the solution to the
electric field is
E ∝ exp (−i (βz − ωt)) . (7.4)
7.2.1 Linearly-polarised fibre mode
Figure 7.1 shows the field distributions for a silica glass tapered fibre. The fibre is
surrounded by water and has radius a=500 nm, and is supporting a quasi-linearly
(x-) polarised HE11 mode. The normalised frequency of this tapered fibre, V =
ka
√
n21 − n22, is below the cut-off frequency for single-mode operation, VC = 2.405,
thus the HE11 modes are the only modes supported by this waveguide. As shown
in [142], the strong confinement of the initially (quasi-) linearly polarised HE11 fibre
mode in the taper leads to significant components of electric field in the orthogonal
directions.
For the HE11 mode initially polarised in the x-direction the dominant compo-
nent remains the x-polarised field, shown in figure 7.1(a), but the amplitudes of
the electric fields in the y- and z-directions become significant for large refractive
index differences between the silica fibre and its surroundings (large fibre numerical
aperture), shown in figure 7.1(b) and 7.1(c). These cross-polarised components
are a direct result of non-paraxial confinement in the high numerical aperture fibre
and are qualitatively very similar to those obtained by focusing a linearly polarised
Gaussian beam using a high numerical aperture objective lens as shown in figure 3.9
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in chapter 3. Furthermore, the conditions for continuity of electric field compo-
nents normal and tangential to the boundary (D⊥1 = D⊥2 and E ∣∣1 = E ∣∣2) lead to an
enhancement of the evanescent electric field along the x-axis, resulting in a net field
distribution with pronounced lobes along ±x, shown in figure 7.1(d). The evanescent
field of this mode penetrates a significant distance into the surroundings. For these
parameters the penetration depth is Λ = ∣q∣−1 = 0.39 µm, and approximately 26% of
the mode power is carried in the evanescent field.
Figure 7.1: Intensity of the electric field in a tapered silica optical fibre, radius
500 nm, wavelength λ0=1064 nm for the quasi-linearly polarised HE11 mode: (a)
field in the x-(dominant polarisation) direction; (b) field in the y-(orthogonal po-
larisation) direction; (c) field in the z-(propagation) direction; (d) total field. The
fields are calculated for a mode power of 1 W.
7.2.2 Circularly-polarised fibre mode
In contrast to the field distribution of the linearly polarised HE11 mode, the electric
field distribution for a circularly-polarised HE11 mode is symmetric around the fibre
due to the rapidly rotating polarisation direction. Furthermore, the Poynting vector
acquires a component that acts in the azimuthal direction due to the azimuthal phase
variation of the electric field, similar to that which occurs in a free–space Laguerre–
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Gaussian laser mode. For a high numerical aperture fibre, there is a significant
field component in the longitudinal direction. As for the linearly polarised mode,
for small diameter tapers, a significant fraction of the optical power resides in the
evanescent field outside the fibre.
Figure 7.2(a) and (b) shows the distribution of the intensity of the transverse
and longitudinal electric field components, respectively, for a circularly polarised
HE11 mode of a tapered optical fibre with the same diameter as above. As a result
of the circular polarisation, the time-averaged electric field distribution now exhibits
azimuthal symmetry. Parts (c) and (d) of figure 7.2 shows the spatial distributions
of the longitudinal, Sz, and azimuthal, Sφ, components of the Poynting vector,
respectively.
Figure 7.2: Intensity of the electric field distribution and magnitude of the Poynting
vector for a circularly polarised HE11 mode in a tapered optical fibre, radius a =
500 nm for a wavelength λ = 1064 nm; (a) transverse electric field; (b) longitudinal
electric field; (c) longitudinal component of the Poynting vector, Sz; (d) azimuthally
directed component of the Poynting vector, Sφ. The fields are calculated for a mode
power of 1 W.
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7.3 Optical forces in the evanescent field of a ta-
pered optical fibre
The optical forces on particles due to the evanescent field may be calculated for
small (Rayleigh) particles in the dipole approximation, described in section 1.2.2 in
chapter 1. The interaction between the point dipolar particle and the optical field
may be separated into constituent parts as described in equation 1.10 in chapter 1.
To recap, firstly, the gradient force,
Fgrad = 1
4
Re(αp)∇ ∣E∣2 , (7.5)
acts in the direction of the gradient of intensity in the beam; secondly, the scattering
force,
Fscat = σsc
2c
Re(E ×H∗), (7.6)
which acts in the direction of the time-averaged Poynting vector, S = 12Re(E ×
H∗); and thirdly, the time-averaged spin density, which arises from the non-uniform
distribution of the spin density of the optical field [29, 143],
Fspin = σscc∇× ( 0
4ωi
E ×E∗) . (7.7)
In the above expressions, αp is the polarisability of the particle, which for di-
electric particles is defined in equation 1.2 in chapter 1, and σsc is the scattering
cross-section which is a function of the polarisability and is defined for dielectric
particles in equation 1.13. When calculating the optical forces, the effects of multi-
ple scattering between the nanoparticle and the tapered fibre are neglected. This is
valid provided the nanoparticle is not too close to the fibre and the contrast in dielec-
tric constant between the fibre and the suspending medium is relatively low [144]
and is consistent with previous work analysing a similar system for trapping of
nanoparticles [145].
The gradient force, acting towards the region of highest intensity, acts to trap
particles against the fibre. The radiation pressure, consisting of the scattering force
and the ‘spin curl’ force, results in a non-conservative force directed parallel to the
fibre and causes particles in the evanescent field to be propelled along the fibre in
the direction of propagation of the mode.
Similarly to the case of focusing by a high numerical aperture objective [146],
confinement of a mode by a high numerical aperture optical fibre can result in
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a significant contribution to the force from the curl of the spin density. For a
circularly-polarised mode, the spin curl force also acquires an azimuthal component.
Figure 7.3 shows the transverse- and longitudinally-directed spin curl force for a
circularly-polarised mode. It is evident that the majority of the spin curl force is
directed in the azimuthal direction.
Figure 7.3: Distribution of the components of the spin curl force for a circularly-
polarised fibre mode for a fibre of radius 500 nm and a wavelength of 1064 nm:
(a) x-directed component; (b) y-directed component; (c) z-directed component; (d)
azimuthally (ϕ) -directed component. The forces are calculated for a mode power
of 1 W. Note: scale in (c) is different from those in (a), (b) and (d).
For circular polarisation, the presence of non-zero azimuthal components of the
Poynting vector and the curl of the spin density give rise to an additional component
of the force transverse to the axis of the fibre. It is therefore expected that a
circularly polarised HE11 mode would drive a particle in a helical trajectory along
and around the taper, in a manner previously calculated for ultra-cold atoms [147].
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7.4 Plasmonic forces on metallic nanoparticles in
the region around a tapered optical fibre
7.4.1 Interaction of the evanescent field with metallic nanopar-
ticles
In this section, the trapping of metallic nanoparticles in the evanescent field of a
tapered optical fibre is considered and the results of numerical calculations are pre-
sented. Metallic nanoparticles possess unique optical properties due to the plasmon
resonance in their scattering spectrum [148]. The enhancement of optical forces ex-
erted on the nanoparticle that arises when the laser wavelength is tuned close to the
plasmon resonance can be utilised to achieve stable optical trapping in single-beam
optical tweezers [149, 150] which might otherwise be difficult due to the volume
scaling of optical gradient forces for such small particles [151]. Good agreement be-
tween experimental measurement and theoretical calculation of trapping forces has
recently been demonstrated for both single metallic spheres [102, 152] and aggregates
of nanoparticles [153].
Evanescent wave manipulation of gold nanoparticles has been demonstrated us-
ing the field of a channel waveguide fabricated by an ion-exchange technique [154],
and enhancement of optical forces using the surface plasmon of a thin gold film has
also been applied to manipulation of both polystyrene [155] and gold particles [156].
Here the manipulation of silver nanoparticles in the evanescent field around the
tapered fibre is considered. The motivation for using silver nanoparticles is that
in addition to their potentially useful technological applications [157], the optical
properties lend themselves to an additional degree of control over the optical forces.
The relatively narrow plasmon resonance lineshape of silver when compared to, for
example, gold leads to a region on the short-wavelength side of the resonance where
the real part of the polarisability of the nanoparticle can be negative [158], and so
the direction of the optical gradient force is reversed, which may be exploited to
induce particle repulsion from a surface [159]. This situation is analogous to that
used in the gravito-optical surface trap for ultra-cold atoms [160].
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Plasmonic properties
First, the interaction between a metallic nanoparticle and the evanescent field of a
tapered optical fibre supporting a HE11 mode of a wavelength tuned to the long-
wavelength side of the plasmon resonance (red detuning) is considered. The op-
tical properties of the silver nanoparticles are calculated using a Lorentz–Drude
model [161].
The Lorentz-Drude model is a classical description of electron dynamics in a
metal where the electrons are assumed to form a free electron gas, free to move
between heavier, relatively immobile, ions. In response to an applied electric field,
E(t) = E0 exp(−iωt), the electrons experience a force and obey the equation of
motion:
me
∂2x
∂t2
+meγc∂x
∂t
= −eE, (7.8)
whereme is the electron mass, e is the electron charge, and γc is the collision damping
frequency due to collision and scattering events. The motion of the electrons is
oscillatory, x(t) = x0 exp(−iωt), in response to the applied electric field. Solving
equation 7.8 leads to the dielectric function
(ω) = 1 − ω2p
ω2 + iγcω , (7.9)
where nd is the number density of the electrons, and
ωp = √ nde2
me0
(7.10)
is the plasmon frequency of the free electron gas. It is evident from equation 7.9
that for frequencies below the plasmon frequency, i.e. ω < ωp, the dielectric function
(ω) is negative and thus the refractive index, n, is imaginary. Physically, at these
frequencies, the electrons move sufficiently fast to shield the electric field, thus pre-
venting light from propagating through the material. The light is therefore reflected
and absorbed. For frequencies higher than the plasmon frequency, i.e. ω > ωp, the
free electrons are unable to oscillate fast enough to shield the field, and hence the
material becomes transparent.
To calculate the plasmonic properties, the fitting parameters tabulated in ref-
erence [162] are used which produce a good fit to the experimental data of refer-
ences [163, 164] in the range 0.125-6 eV (λ = 1000 - 200 nm.)
An example of the calculated optical properties is shown in figure 7.4 for a
spherical silver nanoparticle of radius 20 nm. Part (a) of figure 7.4 shows the real
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part of the complex polarisibility, Re(α), calculated in the range λ0=250-750 nm.
Of particular interest for the present work is the change in sign of Re(α) in the
region of the plasmon resonance with Re(α)<0 for blue detunings and Re(α)>0 for
red detunings. Part (b) shows the imaginary part of the polarisibility, Im(α), with
a clear resonance feature around λp=408 nm. This resonance leads to the peaks in
the absorption, σabs, and scattering, σsc, cross-sections shown in figure 7.4(c) and
(d), respectively.
Figure 7.4: Optical properties of a 40 nm diameter spherical silver nanoparticle as
a function of wavelength calculated from the Lorentz-Drude model; (a) real part of
polarisability, Re(α); (b) imaginary part of the polarisability, Im(α); (c) absorption
cross-section, σabs; (d) scattering cross-section, σsc.
Optical forces
The wavelength dependence of the polarisability of metallic nanoparticles is more sig-
nificant than that for dielectric particles, and therefore must be taken into account.
Furthermore, the polarisability also possesses a significant imaginary component,
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thus the absorption, σabs, and scattering, σsc, cross-sections may be defined as [149]:
σabs = k
0
Im(α(λ)), (7.11)
and
σsc = k4
6pi20
∣(α(λ))∣2. (7.12)
Since the absorption cross-section is significant for metallic particles, the total ex-
tinction cross-section should be considered, which is defined as σext = σabs + σsc.
The radiation forces, which depend on the total extinction cross-section, are
defined as:
Fscat = σext
c
⟨S⟩ , (7.13)
which acts in the direction of the time-averaged Poynting vector, S = 12Re(E ×H∗),
and
Fspin = cσext(∇× ⟨LS⟩), (7.14)
where ⟨LS⟩ = 0
4ωi
(E ×E∗) (7.15)
is the time-averaged spin density.
Linear polarisation
Here, the interaction of the same 40 nm diameter spherical silver nanoparticle with
the evanescent field of a tapered optical fibre with radius a = 0.15 µm is considered.
The electric field distribution of an x-polarised HE11 mode is calculated as above,
and the dipole potential energy for a number of different wavelengths is calculated,
taking into account the dispersion of the silica glass of the optical fibre using tabu-
lated Sellmeier coefficients [165]. The dipole interaction energies are then shown in
figure 7.5, plotted in units of kBT (where kB is Boltzmann’s constant) at tempera-
ture T=293 K, and normalised per unit power contained in the mode (i.e. the sum
of the power carried in the fibre core and the power in the evanescent field).
The plasmon wavelength for the silver nanoparticle is found to be λp ≈ 408 nm.
Figure 7.5(a) shows the interaction energy for a laser wavelength tuned slightly to the
long-wavelength side of the plasmon (red detuning), with λ = 425 nm. As expected
there is a minimum of potential energy adjacent to the fibre, which is deepest along
the predominant direction of polarisation. For a laser wavelength detuned to the
short wavelength side of the plasmon (blue detuning), with λ = 395 nm, the sign
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Figure 7.5: Electric dipole interaction energy between a 40 nm diameter silver
nanoparticle (plasmon wavelength, λp = 408.35 nm) and the evanescent field sur-
rounding a 150 nm radius tapered glass fibre as a function of wavelength; (a)
λ = 408.35 nm; (b) λ = 395 nm; (c) λ = 633 nm; (d) λ ≈ 2 × λp = 816.7 nm.
The gray circle in the middle of each figure represents the glass fibre. The energies
are calculated for a mode power of 1 W.
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of the dipole potential is reversed, shown in figure 7.5(b), and the dipole potential
repels the nanoparticle from the fibre. Figures 7.5(c) and (d) demonstrate the effect
of further detuning to the red side of the plasmon resonance. The potential well
becomes both shallower and broader as the laser wavelength becomes longer and the
evanescent field penetrates further into the surrounding medium. In figure 7.5(c),
λ = 633 nm and the penetration depth Λ633 = 1.64 µm, and in figure 7.5(d), λ =
2λp = 816.7 nm and the penetration depth Λ816.7 = 12.4 µm.
For plasmonic nanoparticles the magnitude of the propelling force is maximum
when the laser is tuned to the plasmon resonance, where the cross-sections are
σabs = 1.72 × 10−14 m2 and σsc = 6.58 × 10−15 m2, and the maximum propelling force
adjacent to the fibre is Fz = 507 pN, decreasing to Fz = 84 pN at a distance from the
fibre equal to the fibre radius. These forces are calculated for 1 W of power in the
mode. At this distance, approximately 90% of the force arises from the radiation
pressure, and the remaining 10% from the curl of the spin density. The resulting
propagation speed of the nanoparticle along the fibre is estimated from the Stokes
drag on a sphere corrected for the presence of a cylindrical boundary [166] to be
vz = 224 mm s−1.
Detuning to the red of the plasmon resonance such that gradient force trapping
is achievable, at λ = 425 nm the cross-sections are reduced to σabs = 8.87 × 10−15 m2
and σsc = 4.34×10−15 m2, and the propelling force at a distance d = a from the fibre is
reduced to Fz = 50 pN . In this situation the nanoparticle velocity along the fibre is
estimated to be vz = 134 mm s−1 for 1 W of power in the mode. These forces can be
balanced by using counter-propagating modes with parallel polarisations [134] in the
fibre, which will also modulate the intensity (and hence the optical dipole potential)
along the length of the fibre providing an additional degree of localisation [145].
Circular polarisation
Figure 7.6(a) and (b) shows the resulting electric dipole interaction energy at wave-
lengths detuned to the red and blue (respectively) of the plasmon resonance for
the same 40 nm diameter silver nanoparticle in the vicinity of a fibre of radius
a = 150 nm. In this case the azimuthally directed component of the non-conservative
(scattering + spin curl) force, Fφ can be significant compared to Fz. For an exem-
plar case of red detuning from the plasmon resonance, such that λ = 425 nm, the
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axial component of force (normalised) is Fz = 47 pN at a distance d = a from the
fibre, and the azimuthal component is Fφ = 7 pN. In the absence of an azimuthally
modulated gradient force it is therefore expected that the nanoparticles would be
attracted to the fibre and pushed along it following a helical trajectory. From this,
the (normalised) components of velocity of the nanoparticle are estimated to be
vz = 126 mm s−1 in the axial direction and vφ = 17 mm s−1 in the azimuthal di-
rection. Again, these forces and velocities are calculated for 1 W of power in the
mode.
Figure 7.6: Interaction potentials for a circularly polarised HE11 mode in a tapered
optical fibre, radius a = 150 nm with a 40 nm diameter silver nanoparticle. λp =
408.35 nm; (a) wavelength λ = 425 nm > λp; (b) wavelength λ = 395 nm < λp. The
gray circle in the middle of each figure represents the diameter of the glass fibre.
The energies are calculated for a mode power of 1 W.
7.4.2 Bichromatic optical trapping of metallic nanoparticles
The ability to tune the interaction, and in particular produce either attractive or
repulsive forces depending on the detuning from resonance naturally leads to the
possibility of using two wavelengths simultaneously to obtain an extra degree of
control over the optical trapping. The formation of a two-colour or bichromatic
trap for ultra-cold atoms in the evanescent field of a tapered fibre was considered
in [142], and similar detuning-dependence of forces in an evanescent field have been
considered for metallic nanoparticles and also for microparticles exhibiting whisper-
ing gallery modes [167]. As can be seen in figure 7.5, the penetration depths, Λ, of
the evanescent fields depend on the optical wavelength, and due to the width of the
plasmon resonance (some tens of nanometers for these silver nanoparticles) for two
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wavelengths detuned to the red and blue of λp these can be significantly different. A
plasmonic nanoparticle exposed to these evanescent fields may therefore experience
competing gradient forces: one from the red-detuned beam that draws it toward
the fibre, and one from the blue-detuned beam that provides a potential barrier
preventing it from reaching the fibre surface.
Figure 7.7 shows some examples of the bichromatic potential experienced by the
40 nm silver nanoparticle around a fibre carrying two counter-propagating (parallel)
linearly polarised HE11 modes with different wavelengths. The powers of the two
modes are chosen such that the net potential energy is zero adjacent to the fibre.
In part (a) the longer wavelength is λR = 425 nm and the shorter wavelength is
λB = 397 nm. For this combination the intensity of the blue-detuned mode is 1.37
times that of the red-detuned mode. Two potential minima can be seen a small
distance from the fibre along the ±x-axis. At this equilibrium trapping position
the radiation pressures from the two beams are unequal. Due to the width of
the plasmon resonance, the typical difference in frequency between the red- and
blue-detuned laser modes used to realise a bichromatic trap is sufficiently large
that the effects of beating of the two frequencies may be neglected and the forces
arising from the two modes simply added [168]. The net scattering force (radiation
pressure + spin curl forces) on the nanoparticle arising from this configuration is
found to be 113 pN at the minimum of the dipole potential, which would drive
the nanoparticle along the fibre at an estimated speed of vz = 460 mm s−1. For a
different combination of wavelengths the fraction of optical power in the evanescent
field and the decay lengths are different. By way of example part (b) of figure 7.7
uses wavelengths λR = 816.7 nm = 2λp and λB = 407 nm (very close to resonance).
For these parameters the blue-detuned mode has an intensity 0.19 times that of
the red-detuned mode. The potential minima can be seen to be broader, shallower,
and displaced further from the fibre. At this equilibrium position the net radiation
pressure from the counter-propagating beams is only 180 pN resulting in a velocity
along the fibre of vz = 178 mm s−1.
When considering the utility of this technique for particle sorting and separation
it is instructive to compare it to a number of other methods that have previously
appeared in the literature. A near-field sorting technique was demonstrated for
micron-sized particles in [169], where the evanescent field was created using a TIR
objective lens. In this geometry the extent of the interaction region is limited to
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Figure 7.7: Interaction potentials for two wavelengths of linearly polarised HE11
modes in a tapered optical fibre, radius a = 150 nm with a 40 nm diameter silver
nanoparticle. λp = 408 nm; (a) wavelengths λR = 425 nm and λB = 395 nm; (b)
wavelengths λR = 816.7 nm and λB = 405 nm;. The gray circle in the middle of each
figure represents the diameter of the glass fibre. The energies are calculated for a
mode power of 1 W.
the size of the laser beam spot (given as 13.4 µm), whereas a tapered fibre can
potentially produce a useful evanescent field for many tens of microns along the
tapered region. Similarly, the large separation between particle collection regions
at opposite ends of the taper may be advantageous when compared to the scheme
of [170] where the relative displacements for particles of different sizes are compar-
atively small. The method of [171] uses a dynamic (translating or flashing) optical
lattice for very effective separation of particles according to size or composition. By
contrast the tapered fibre method proposed for sorting particles would not require
active modulation of parameters during an experiment as the optical forces depend
on the detuning from the plasmon resonance, and are thus strongly dependent on
nanoparticle size and composition. The initial choice of laser wavelengths therefore
controls the selectivity of the technique.
7.5 Tapered optical fibre experiments
7.5.1 Fabrication of tapered optical fibres
In addition to the calculations presented above, the trapping and propulsion using
tapered optical fibres was explored experimentally for microparticles. An apparatus
for fabricating tapered optical fibres was designed and built. The tapered optical
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fibres are produced using a heat-and-pull method similar to that described in [172].
A diagram showing the apparatus used for fabricating the tapered fibres is shown in
figure 7.8. Standard single-mode optical fibre (SM-980-125-5.6 from Thorlabs Inc.
NJ) is used. A short region (approx. 20 mm) of the protective polymer buffer jacket
is stripped off the fibre and liberally cleaned with isopropyl alcohol to remove any
dust or oil. The fibre is mounted using two V-groove fibre clamps with magnetic
clamping arms, which are fixed to a pair of motorised translation stages. The heat
source is a butane gas torch which, unlike the method described in [172] and [173],
is kept static during the pulling process, limiting the length of the tapered region
achievable. The oxygen balance in the flame is adjusted manually using an aperture
on the torch to produce a blue flame. It is crucial that the properties (colour and size)
of the flame and the position of the fibre within the flame are optimised to ensure
both that the flame is sufficiently hot to melt the fibre, thus reducing the chance of
breakage, and that the amount of carbon deposited on the fibre is minimised, as this
would reduce the penetration of the evanescent field into the surrounding medium.
The fibre was positioned directly above the tip of the inner blue flame, as indicated
in figure 7.8 and the oxygen was adjusted to produce a flame of approximately 2 cm
height, measuring to the edge of the visible flame.
Figure 7.8: The fibre pulling rig used to taper the optical fibres.
The fibre is inserted into the flame using an optical rail. The fibre is tapered
by driving the motorised stages apart a distance of 20–35 mm at speeds of between
0.5 and 1.0 mm s−1, using software run on LabVIEW. When the tapering process is
complete, the flame is immediately removed and any slackness in the fibre, caused
by the pressure of the flame, is tightened by driving the motorised stages further
apart in small increments.
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The transmission of the fibre is measured during the pulling process to provide
evidence of single mode operation. Each end of the tapered fibre is cleaved and
inserted into a fibre-to-fibre splice unit to couple in laser light. The intensity of the
laser light coupled out of the fibre is measured by a photodiode and recorded by a
computer running PicoScope oscilloscope software.
Figure 7.9 depicts the light propagation in a tapered optical fibre. In region (1),
denoting the untapered optical fibre, the light is guided in the core region by total
internal reflection at the core-cladding boundary. The mode diameter in region (1)
is several microns. As the fibre is pulled and the diameter of the fibre decreases, the
core of the fibre disappears. In the fibre transition region (region (2) in figure 7.9),
where the core vanishes, the light is guided by the remaining core, the cladding and
the medium surrounding the cladding. The optical field expands into the cladding
layer, which supports several higher modes. At the taper waist (region (3)), the core
has disappeared and the light is guided by the cladding material and the surrounding
medium only. In region (3), the mode exhibits a strong radial confinement and a
large evanescent field. For a sufficiently thin fibre taper, the confinement of the
mode may be smaller than the optical wavelength.
Figure 7.9: Schematic showing the light propagation in a tapered optical fibre. The
regions (1), (2) and (3) denote the different propagation regions.
The higher order modes excited in region (2) of the fibre taper, shown in fig-
ure 7.9, propagate along the fibre with different propagation constants and interfere
at the fibre output, resulting in a beating effect on the transmission signal. The
frequency of the mode beating increases as the taper elongates due to the propor-
tionality of the relative phase of the modes to the length of the taper. The reduction
in amplitude of the mode beating at around 20 mm pull distance indicates that the
fibre taper is almost single-mode.
A graph of measured fibre transmission vs pull distance of a typical tapered fibre
is shown in figure 7.10. The final transmission of the fibre tapers produced on the
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above mentioned fibre pulling rig is typically about 60%. In figure 7.10, for pull
distances between about 11 and 18 mm, large oscillations on the transmission signal
are evident, caused by the beating of modes in the fibre.
Figure 7.10: Transmission of the fibre taper as a function of pull distance demostrat-
ing beating of the cladding modes and the point at which the tapered fibre becomes
single-mode.
The tapered fibre is mounted on a custom-made microscope slide containing a
slot which is 300 µm deep. The slide is placed on a translation stage containing
a hole through which the torch passes. The stage is brought upwards to the fibre
until the fibre lies within the slot. A few tens of microlitres of solution containing
polystyrene microspheres suspended in deionised water (with 10% by volume Triton-
X-100 to prevent particles sticking to the fibre) is added and sealed beneath a cover
slip. The slide-mounted tapered fibre is then viewed in an inverted microsope (Zeiss
Axiovert 200) and the width of the taper is estimated by comparing the fibre to
size-standard beads.
7.5.2 Evanescent wave trapping and propulsion of micropar-
ticles
A diagram showing the experimental setup for the propulsion of microparticles in
the evanescent field of a tapered fibre is shown in figure 7.11. The laser source is
coupled, using a NA=0.15 collimating lens, into a length of the same type of optical
fibre that is used for making the fibre tapers, which has been connectorised with a
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FC/PC fibre optic connector on one end. These fibres are then connected to the
tapered fibre by means of the fibre-to-fibre splice. Initially a HeNe laser is coupled
in to the fibre since the visible scattered light leaking from the fibre-to-fibre splice
aids alignment of the splice. Once the fibres are well-aligned, the connectorised fibre
is moved to a second fibre port to couple in a single-mode Nd:YAG laser (1064 nm)
with a maximum output power of 3 W. The connectorised fibre is mounted on to
the moveable paddles of a fibre polarisation controller, which converts polarisation
states via stress-induced birefringence. In a non-adiabatic fibre this may lead to
mode-mixing, allowing selective excitation of fibre modes.
Figure 7.11: Experimental setup used for the evanescent wave propulsion of mi-
croparticles. The HeNe laser source is used to align the fibre into the fibre splice
before the connectorised fibre is moved to the second input coupler to couple in the
Nd:YAG laser for the experiment.
The waist of the tapered fibres produced by the above method is typically around
1 µm. When a single mode propagates unidirectionally in the fibre, microparticles
are observed to be trapped against the fibre by the optical gradient force of the
evanescent field and propelled along it by the scattering force in the same direction
as the propagation of the mode. The motion of the particle along the tapered optical
fibre is tracked by video microscopy [174].
First the video of the particle propulsion is converted into a series of image
frames. Each image is spatially filtered to reduce unwanted noise. All pixels with a
value above a predetermined threshold are identified and the centroid of these bright
EVANESCENT WAVE TRAPPING USING TAPERED OPTICAL FIBRES 149
pixels within a certain distance is calculated to provide an estimate of the location
of the particle centres to within sub-pixel accuracy. The movement of particles is
tracked over subsequent frames by repeating the above process for each frame. A
particle is identified as being the same particle by setting a maximum distance that
a particle may move between subsequent frames: if the distance between centroids
on subsequent frames exceeds this value, the particle is assumed to be a different
particle.
The trajectory of each propelled particle along the tapered optical fibre is ex-
tracted using this process. From the trajectory of the particle, the speed of the
particle along the fibre is obtained.
A sequence of images is shown in figure 7.12 that shows a single 2 µm diameter
polystyrene sphere pushed along the tapered region of the fibre by radiation pressure.
Figure 7.12: Particle tracking video microscopy of propelled microparticles. Figures
show a sequence of frames taken from a movie at intervals of 0.24 s demonstrating
optical propulsion of two 2 µm diameter polystyrene spheres (indicated by the red
circles) in the evanescent field surrounding a tapered optical fibre.
An example of the particle trajectories extracted from a video recording is shown
in figure 7.13, where the tracks of two particles which are pushed along the fibre are
plotted. From a linear fit to the particle track, the speed of the particle along the
fibre is measured to be (6.98 ± 0.05)µm s−1.
As explained in section 7.3, particles are expected to exhibit a helical trajectory
around and along a tapered fibre, if the fibre taper carries a circularly-polarised HE11
mode. Figure 7.14 shows a sequence of frames taken from a movie demonstrating
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Figure 7.13: Reconstruction of the trajectories of two particles (represented by the
different symbols) moving at uniform velocity along the fibre.
propulsion of two 2 µm diameter polystyrene spheres (indicated by the different
coloured circles) in the evanescent field surrounding a tapered optical fibre. The
particles follow a helical trajectory around and along the fibre taper. Figure 7.15
shows the frames where the particle passes in front and behind the fibre, with respect
to the camera. The red circle highlights the same particle as that marked in red in
figure 7.14. Frames (a) and (c), where the particle is circled by a solid line, show
the particle in front of the optical fibre. Frame (b), where the particle is marked
with a broken line, shows the particle in lower resolution than in frames (a) and (b),
indicating that it is passing behind the optical fibre.
Figure 7.16 shows a reconstruction of the trajectories of the same two parti-
cles (represented by the different symbols) moving at uniform velocity along and
around the fibre taper. Also shown are sinusoidal fits and the boundaries of the
fibre and associated measurement uncertainty. The fibre diameter was extracted
from the video frames by using the spherical particles of known diameter, to cali-
brate the image. The measurement uncertainties due to resolution were estimated
to be ±0.25µm. The period of the sinusoidal fits is (26.5 ± 0.3) µm for particle 1
and (24± 3) µm for particle 2, thus the measured periods of both trajectories agree
within the uncertainties.
Although a circularly-polarised mode was coupled in to the optical fibre, it is
possible that birefringence could have been introduced to the taper region during
the pulling process which would lead to mode-mixing. The mode at the fibre taper
was not measured, but in order to draw further conclusions about the transfer of
EVANESCENT WAVE TRAPPING USING TAPERED OPTICAL FIBRES 151
optical forces to the particles as a result of known field-distributions, a method to
detect the mode propagating in the fibre taper waist needs to be developed.
Figure 7.14: A sequence of frames taken from a movie demonstrating propulsion of
two 2 µm diameter polystyrene spheres (indicated by the red and blue circles) in the
evanescent field surrounding a tapered optical fibre. It is evident that the particles
follow a helical trajectory around and along the fibre taper.
7.6 Summary and outlook
Summary
In this chapter, an alternative trapping geometry using the evanescent field around
tapered optical fibres was considered. First the field distributions for linearly and
circularly polarised modes were calculated and the behaviour of particles due to
optical forces arising from interaction with the evanescent field was predicted.
Furthermore, calculations of the optical gradient and scattering forces of the
evanescent field for metallic (silver) nanoparticles were presented and it was numer-
ically demonstrated how control of the wavelength of the light in the fibre can be
used to further control the trajectories of metallic nanoparticles along a tapered
fibre. It is anticipated that the sensitivity of the interaction to nanoparticle plas-
monic properties and fibre mode distribution could potentially prove a useful tool
for selectively trapping, sorting and trafficking micro- and nanoparticles drawn from
a polydisperse distribution.
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Figure 7.15: A sequence of frames demonstrating propelled particles passing in front
of, and behind, a tapered optical fibre. The red circle highlights the same particle
marked in red in figure 7.14. Frames (a) and (c), where the particle is circled by
a solid line, show the particle in front of the optical fibre. Frame (b), where the
particle is marked with a broken line, shows the particle passing behind the optical
fibre. These frames demonstrate that the particle follows a helical trajectory along
and around the optical fibre.
Figure 7.16: Reconstruction of the trajectories of two particles (represented by the
different symbols) moving at uniform velocity along and around the fibre taper. The
fitted lines are sinusoidal fits. Also shown (grey lines) are the boundaries of the fibre
and associated measurement uncertainty.
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The experimental section detailed the method of production of tapered fibres and
the experimental setup and procedure used to realise tapered optical fibre trapping
experiments. It was experimentally demonstrated that microscopic particles can be
attracted to, and propelled along, sub-micron scale glass fibres by the evanescent
field of a laser beam. Results were presented demonstrating particle motion in the
evanescent field for linear and circular mode polarisations, showing how control of
the fibre mode polarisation state may be used to control motion of particles along
a fibre.
Outlook
This chapter has described the development of an apparatus for fabricating ta-
pered optical fibres and performing optical trafficking experiments and preliminary
experimental data was presented. The next step is to use this equipment to col-
lect extensive experimental data of nanofibre optical trapping and propulsion of
microparticles.
An optical tweezers system could be used as a photonic force microscope to
characterise the optical potential around the tapered fibre. In the laboratory at UCL,
the optical tweezers described in chapter 5 has been integrated with the tapered
optical fibre experiment to allow these measurements to be obtained. In order to
compare the optical potential with the known field distribution, a method to detect
the mode propagating in the fibre taper needs to be developed, since any stress-
induced birefringence in the optical fibre converts polarisations and can lead to
mode mixing at the taper region.
In addition to characterising the motion of particles and the evanescent fields
around a tapered fibre for the linearly and circularly polarised HE11 modes described
in this chapter, the experimental setup also allows characterisation of higher order
modes. To enable the propagation of higher order modes in the fibre taper, care
needs to be taken to ensure that fabricated tapers are adiabatic. The ability to use
higher order modes for particle manipulation leads to an extra degree of control over
particle manipulation which may have benefits where controlled particle sorting and
transport is required, for example for lab-on-a-chip applications.
Chapter 8
Coherence measurements of
cylindrical vector beams using
holographic reversed wavefront
interferometry
8.1 Introduction
Coherence and polarisation are both manifestations of the same physical phenomenon,
namely fluctuation correlations in light beams [175]. Coherence arises from corre-
lations between fluctuations at two or more points in space; polarisation is a man-
ifestation of correlations between fluctuating components of the electric field at a
single point. Only recently has a unified theory of polarisation and coherence been
obtained [176, 177] through a comprehensive formulation of correlation effects in
stochastic electromagnetic beams [175]. In this context the problem of the spatial
coherence of the lowest-order cylindrical vector beams (CVBs) has been studied [178]
with a view to clarifying the difference between coherence and correlation properties
of beams that have a non-uniform polarisation direction.
In this chapter, the results of an investigation into the spatial coherence of higher-
order cylindrical vector beams are presented. The experimental method is based on
the reversed-wavefront interferometer technique of [179] whereby a pair of pinholes
are illuminated by a beam and a laterally inverted copy is produced by reflection
at a beam splitter. The light transmitted by the pinholes interferes as in a Young’s
154
COHERENCE MEASUREMENTS OF CYLINDRICAL VECTOR BEAMS 155
double-slit experiment, and by scanning the pinholes across the wavefronts the in-
terference fringes between the electric field at different points can be observed. In
the experiment reported here, a spatial light modulator is used to simultaneously
synthesise both the CVB and the pinhole apertures required for measurement of
spatial coherence. It is found that the spatial coherence between two points on the
wavefront of an order-l CVB varies with the angle subtended by the points at the
beam axis, φ12, as ∣ cos(lφ12)∣. Furthermore, this result holds true for non-integer
values of l where the beam contains a discontinuous change in the direction of electric
field.
8.2 Coherence Theory
8.2.1 Coherence vs correlation: a note on definitions
The property known as ‘coherence’ is derived from the statistical nature of light
beams. However, although some coherence phenomena are well-known, there is a
lack of agreement over the precise definition of the term ‘coherence’. The literature
in this area reveals that the term ‘coherence’ may represent at least two attributes
of an electromagnetic field [180]:
(i) the ability to interfere and hence produce interference fringes of some visibility
(ii) correlations between the complex amplitudes of electromagnetic modes.
For beams with a homogeneous polarisation direction, these properties coincide:
interference of light originating from two distinct points on the beam cross-section
interfere to produce fringes and the visibility of the interference fringes is maximum.
Historically, the concept of optical coherence has been associated with interference
for a long time because interference is the simplest method by which statistical
correlations may be revealed.
For beams with an inhomogeneous polarisation direction, such as cylindrical
vector beams, coherence can be defined in one of two ways: either the coherence
may be defined directly by the measured visibility of the interference fringes, or
correlation-based degrees of coherence can be employed. These two approaches can
lead to contradictory conclusions and there remains a lack of consensus over the
most appropriate definition [178, 181, 182, 183, 184, 185].
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In this thesis, the definition advocated by Emil Wolf is adopted, whereby the
degree of coherence is defined by the visibility of interference fringes [175, 176].
However, a lack of interference does not necessarily imply a lack of correlation, and
so the degree of correlation is also calculated to illustrate the differences between
the two parameters using the example of cylindrical vector beams.
8.2.2 The spectral degree of coherence (Definition accord-
ing to E. Wolf)
The spectral degree of coherence of an electromagnetic field of frequency ω, E(r, ω),
between two points is measured by the visibility of the interference fringes that would
be formed if the field from these points were to interfere [186, 187]. Experimentally
this is obtained in a Young’s double-slit type interferometer [188, 58] consisting of
two small apertures at locations r1 and r2, and observation of the fringe pattern is
made at a point P (r), as shown in figure 8.1.
Figure 8.1: Geometry for the Young’s double-slit experiment to measure the trans-
verse coherence of a cylindrical vector beam.
Starting from the definition of the cross-spectral density matrix given in [176]:
Wij(r1, r2, ω) = ⟨E∗i (r1, ω)Ej(r2, ω)⟩, where i = x, y and j = x, y, (8.1)
the electric energy density reaching the point P in the observation plane via pinhole
1 (at position r1) is given by the trace of the relevant cross-spectral density matrix:
S(1)(r, ω) = Tr ↔W (r1, r1, ω) (8.2)
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and similarly for S(2)(r, ω) via pinhole 2. The visibility of the interference fringes
in the region of the point P is conventionally defined as:
V (r, ω) = Smax(r, ω) − Smin(r, ω)
Smax(r, ω) + Smin(r, ω) , (8.3)
where Smax (Smin) is the maximum (minimum) electric energy density in the region
of P . As shown in [187], the visibility of fringes depends not only on the electric
energy density reaching the point P via pinhole 1 and pinhole 2, but also their
spectral degree of coherence, η(r1, r2, ω) as:
V (r, ω) = 2√S(1)(r, ω)√S(2)(r, ω)
S(1)(r, ω) + S(2)(r, ω) ∣η(r1, r2, ω)∣, (8.4)
where
η(r1, r2, ω) = Tr ↔W (r1, r2, ω)√
S(1)(r, ω)√S(2)(r, ω) . (8.5)
The magnitude of the fringe visibility therefore measures the magnitude of the degree
of coherence, V ∝ ∣η∣, whereas arg(η) can be deduced from the phase shift of the
interference pattern.
The electric field of a cylindrical vector beam of azimuthal order l may be written
in the form:
El(r, ω) = Al(r, ω) cos[(l − 1)φ]rˆ +Al(r, ω) sin[(l − 1)φ](rˆ × zˆ), (8.6)
where (r, φ) are cylindrical coordinates in the plane transverse to the direction of
propagation (zˆ) and rˆ is a unit radius vector, hence rˆ× zˆ is a unit azimuthal vector.
Typically the amplitude function Al(r, ω) is cylindrically symmetric and may be
Laguerre-Gaussian or Bessel-Gaussian in form, as described in chapter 3.
From equations 8.1 and 8.6, the cross-spectral density matrix W (r1, r2, ω), for
cylindrical vector beams may be expressed as:
W (r1, r2, ω) = ⎛⎜⎝cos lφ1 cos lφ2 cos lφ1 sin lφ2sin lφ1 cos lφ2 sin lφ1 sin lφ2
⎞⎟⎠ , (8.7)
with trace:
Tr(W (r1, r2, ω)) = cos lφ1 cos lφ2 + sin lφ1 sin lφ2= cos(l(φ1 − φ2))= cos lφ12.
(8.8)
COHERENCE MEASUREMENTS OF CYLINDRICAL VECTOR BEAMS 158
For the case where r1 = r2, the trace of the cross-spectral density matrix is equal to
unity:
Tr(W (r1, r1, ω)) = cos2 φ1 + sin2 φ1 = 1, (8.9)
and similarly for Tr(W (r2, r2, ω)), hence the denominators in equations 8.4 and 8.5
are 2 and 1, respectively.
From equations 8.4 and 8.5, the fringe visibility produced by interference of the
fields from points r1 and r2, therefore, varies as:
V (r1, r2, ω) = 2√∣Al(r1)∣2√∣Al(r2)∣2∣Al(r1)∣2 + ∣Al(r2)∣2 ∣ cos(lφ12)∣ (8.10)
where φ12 is the angle between the position vectors r1, r2. For the case where√
Al(r1) = √Al(r2), it is evident that V = ∣ cos(lφ12)∣.
8.2.3 The spectral degree of polarisation
The degree of coherence, η(r1, r2, ω), depends only on the diagonal elementsWxx(r1, r2, ω)
and Wyy(r1, r2, ω) of the correlation matrix W . This may be understood by consid-
ering that, because the product xˆ ⋅yˆ = 0, two mutually orthogonal vector components
Exxˆ and Eyyˆ of the electric field vector (with xˆ and yˆ denoting unit vectors along the
x and y directions) do not interfere. This is the essence of the classic Fresnel-Arago
interference laws [189, 190, 191, 192].
However, the fact that two mutually orthogonal components of the electric field
do not interfere does not imply that they are necessarily uncorrelated. Although the
off-diagonal elements Wxy and Wyx do not contribute to the coherence properties
of a beam, they do play a role in defining its polarisation properties, in particular
their spectral degree of polarisation P (r, ω).
P (r, ω) = ¿ÁÁÀ1 − 4 Det W(r, r, ω)[Tr W(r, r, ω)]2 , (8.11)
where Det denotes the determinant. Since the degree of polarisation is expressed in
terms of both the trace and the determinant of the correlation matrix W , it depends
on all four elements of the matrix. And whilst the spectral degree of coherence
depends on the behaviour of the electric field at two points, the spectral degree of
polarisation depends on the behaviour of the electric field at a single point only.
For all orders of CVB, the degree of polarisation, defined in equation 8.11, is
equal to unity at all positions on the beam cross-section, since the determinant
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vanishes identically due to cylindrical symmetry:
Det W(r, r, ω) = Det ⟨E∗(r, ω)E(r, ω)⟩ = 0. (8.12)
Therefore
P (r, ω) = ¿ÁÁÀ1 − 4 Det W(r, r, ω)[Tr W(r, r, ω)]2 = 1 (8.13)
at all positions on the beam cross-section, even though the local direction of polar-
isation is spatially varying.
8.2.4 The spectral degree of correlation
A measure of the correlation properties on a beam between two points in space is
given by the degree of correlation:
µ(r1, r2, ω) =
√
Tr [↔W (r1, r2, ω)⋅ ↔W (r2, r1, ω)]√
S(1)(r, ω)√S(2)(r, ω) . (8.14)
Equation 8.14 can be rewritten as:
µ(r1, r2, ω) =
¿ÁÁÁÁÁÁÀ Tr [
↔
W (r1, r2, ω)⋅ ↔W (r2, r1, ω)]
Tr [↔W (r1, r1, ω)] ⋅Tr [↔W (r2, r2, ω)] . (8.15)
Substituting the electric field of a cylindrical vector beam defined in equation 8.6,
the numerator of equation 8.15 can be shown to be unity:
Tr [↔W (r1, r2, ω)⋅ ↔W (r2, r1, ω)] = cos2(lφ1) cos2(lφ2) + cos2(lφ2) sin2(lφ1)
+ cos2(lφ1) sin2(lφ2) + sin2(lφ1) sin2(lφ2)= (cos2(lφ1) + sin2(lφ1)) (cos2(lφ2) + sin2(lφ2))= 1.
(8.16)
Since Tr [↔W (r1, r1, ω)] = Tr [↔W (r2, r2, ω)] = 1, as shown in equation 8.9, the de-
nominator of equation 8.15 is also equal to 1. Since both the numerator and de-
nominator of equation 8.15 are equal to 1, the degree of correlation is shown to be
unity for cylindrical vector beams.
As discussed in section 8.2.1, some researchers prefer this as an alternative mea-
sure of the spectral properties of a laser beam [193], but is referred to in [178] as
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the degree of correlation. The degree of correlation, µ(r1, r2, ω), represents the sta-
tistical correlation between the Cartesian components of the electric field at a pair
of points, r1 and r2.
8.3 Experimental method
To synthesise cylindrical vector beams containing a polarisation vortex, an interfer-
ometric method is used to combine scalar beams that contain phase vortices with
opposite sign of topological charge and opposite handedness of polarisation helic-
ity [93, 94]. These beams are produced and combined using a holographic spatial
light modulator contained within a Sagnac interferometer, as described in section 4.2
of chapter 3 that is capable of generating cylindrical vector beams of arbitrary or-
der [94], shown in figure 8.2(a). The SLM displays a diffraction pattern such as that
shown in figure 8.2(b) that imposes a helical phase Φ = lφ (l the topological charge)
on the first diffracted order. As described in section 4.2, the counter-circulating
beams in the interferometer acquire opposite signs of topological charge through the
extra reflection at the Dove prism (DP in figure 8.2(a)) experienced by one of the
beams, and opposite polarisation helicities at the quarter wave plate (QWP) at the
output of the device. The output of this apparatus is thus a CVB of azimuthal order
l: that is, the polarisation direction makes l complete rotations in one circuit about
the beam axis.
A schematic of the Young double pinholes used in the reverse wavefront Sagnac
interferometer is shown in figure 8.3. The Young’s-type double-slit interferometer
is simulated by applying a local modulation of the diffraction efficiency of the SLM
to produce two small circular apertures of high diffraction efficiency at radii r1 = r2,
and an angular separation φ12. The pinholes are denoted A and B and sample the
original and reversed wavefronts, respectively. The projected position of pinhole B
on the original wavefront is also shown. When the two pinholes are at position C,
the angle subtended by the pinholes φ12 is zero. The pinholes were moved across
the beam cross-section in two ways. In the first, as shown in figure 8.3(a), the
height of the pinholes, h, is changed, which results in variation of the angle φ12
between the effective pinhole positions. The second method, show in figure 8.3(b),
involves directly changing the angle φ12 subtended by the pinholes while keeping
their distance r from the beam centre constant.
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Figure 8.2: (a) Sagnac interferometer arrangement for creating cylindrical vector
beams (CVBs). SLM: spatial light modulator, DP: dove prism, HWP: half-wave
plate, PBS: polarising beamsplitter, QWP: quarter-wave plate; (b) Example holo-
gram displayed on the SLM to create a CVB of azimuthal order l = 1; (c) Example of
locally modulating the diffraction efficiency to synthesise two pinholes at positions
r1 and r2, subtending an angle φ12 at the beam axis; (d) Sketch of the polarisa-
tion distribution of the l = 2 CVB; (e) Sketch of the polarisation distribution of
the l = 3 CVB; (f) Photograph of experimentally generated l = 2 CVB transmitted
through a polaroid with transmission axis horizontal; (g) Photograph of experimen-
tally generated l = 3 CVB transmitted through a polaroid with transmission axis
horizontal.
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In contrast to the reversed wavefront interferometer of [179] this method elimi-
nates all moving parts from the apparatus, and the fringe visibility (spectral degree
of coherence) is measured from points symmetrically located about a vertical line
through the beam axis across the entire wavefront. Figures 8.2(d) and (e) show
sketches of the expected polarisation distribution in higher-order CVBs with l = 2
and l = 3 respectively. This is verified in the photographs of the intensity of each
beam transmitted through a polaroid oriented with its transmission axis horizon-
tal, shown in figures 8.2(f) and 8.2(g), where the sign of the polarisation vortex is
obtained by rotating the polaroid and observing the sense of rotation of the trans-
mission pattern [93].
Figure 8.3: Diagram depicting how the geometry of the reversed wavefront inter-
ferometer acts to interfere light originating from the pair of pinholes. In (a), the
pinholes are moved across the beam cross-section by varying the height, h. In (b),
the position of the pinholes is changed by adjusting the angle φ12, while keeping the
radius, r, constant.
The light diffracted from the pinhole regions of the hologram is allowed to prop-
agate to the far field where it forms linear (Young’s double-slit) interference fringes
modulated by the diffraction pattern of the circular apertures, which are then im-
aged onto a CCD camera. For each azimuthal order of CVB the interference pattern
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is recorded as a function of the angular separation of the pinholes, φ12, as their lo-
cations are scanned over the hologram to sample different regions of the CVB wave-
front. The pinholes can either be positioned at constant radii from the beam axis,
corresponding to moving around a contour of uniform intensity on the cylindrically
symmetric CVB, or moved parallel to a vertical axis at fixed separation which results
in interference fringes of constant period and simplifies measurement of the fringe
phase shift. In each image the fringe pattern is fitted to a sine-squared function,
I(x) = I0 + I1 sin2(kx + Φ), where the zero of the phase shift, Φ, is chosen as the
limit where the pinhole angular separation φ12 → 0. From the parameters of the fit
the fringe visibility is extracted, which is related to the spectral degree of coherence
between the locations of the pinholes as V ∝ ∣η(φ12)∣, and the phase shift of the
interference fringes, Φ = arg(η).
8.4 Experimental results
8.4.1 Coherence measurements of phase and polarisation
vortices
This section contains the results of measuring the fringe visibility as a function of
the angular separation of the pinholes for cylindrical vector beams with azimuthal
index l = 1. This is shown in figure 8.4(a) where the expected V = ∣ cosφ12∣ visibility
variation can be seen. Figures 8.4(b) and 8.4(c) show photographs of the interference
pattern with the location of the pinholes chosen to produce maximum and minimum
visibility fringes. Also shown in figure 8.4(a) is the result of performing the same
experiment on a Laguerre-Gaussian phase-vortex beam, produced by allowing the
beam to propagate in only one direction around the Sagnac interferometer. In this
case the beam has a spatially homogeneous circular polarisation (with azimuthal
phase variation lφ) and so there is no modulation of the fringe visibility and the
contrast remains high.
Figure 8.5 shows the result of measuring the phase shift of the interference pat-
tern as a function of pinhole angular separation for the polarisation vortex (fig-
ure 8.5(a)) and phase vortex (figure 8.5(b)) beams. From this figure it can be seen
that the phase shift of the pattern for the polarisation vortex changes discontinu-
ously between values Φ = 0 and Φ = pi at φ12 = pi/2 and φ12 = 3pi/2, whereas that
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Figure 8.4: (a) Visibility of the two-pinhole interference pattern as a function of the
angular separation of the pinholes for a l = 1 cylindrical vector beam and a l = 1
Laguerre-Gaussian beam. The error bars for φ12 arise from the finite sizes of the
pinholes; (b) and (c) photographs of the interference pattern from a l = 1 cylindrical
vector beam with angular separation of pinholes set for (b) high visibility, and (c)
low visibility. The fitted line for the CVB is V ∝ ∣ (cos(φ12)) ∣, and the fit for the
Laguerre-Gauss beam is the straight line: V = 0.94.
of the phase vortex beam increases linearly to Φ = φ. In the case of the CVB the
change in sign of the degree of coherence can be understood by considering that
in the region pi/2 < φ12 < 3pi/2 the maximum intensity in the interference pattern
arises from the interference of horizontally polarised components of the electric field
which are in antiphase, hence the maxima in the pattern are shifted by half a fringe
period.
8.4.2 Coherence measurements of higher order cylindrical
vector beams
The SLM-Sagnac interferometer method allows higher-order cylindrical vector beams
to be synthesised and their coherence properties measured in the same way. Fig-
ure 8.6 shows the result of measuring the fringe visibility for CVBs of azimuthal
order l = 2 (figure 8.6(a)) and l = 3 (figure 8.6(b)). Both graphs show the same
V = ∣ cos lφ12∣ variation in fringe visibility. As discussed in section 8.3, the method
has the advantage of allowing greater flexibility in the positioning of the pinholes in
the beam profile. In this case the data for figure 8.6(a) was taken with the pinholes
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Figure 8.5: Phase shift of the interference pattern as a function of the angular
separation of the pinholes for (a) l = 1 cylindrical vector beam; (b) l = 1 Laguerre-
Gaussian beam.
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at a fixed radius from the beam axis, while the data for figure 8.6(b) was recorded
with the pinholes at a constant horizontal separation. As before, the fringe phase
shift as a function of φ12 was measured, and results are shown in figure 8.6(c) for
the l = 2 CVB and figure 8.6(d) for the l = 3 CVB. Again these show a discontin-
uous change in φ (corresponding to a change in sign of η) at values of the pinhole
angular separation given by the zeros of the visibility function cos lφ12 = 0, that is
φ12 = pi(m + 1/2)/l (with m an integer).
8.4.3 Coherence measurements of fractional cylindrical vec-
tor beams
As for the integer CVBs, the fringe visibility and fringe phase shift were measured
for fractional CVBs. The results for a CVB of order l = 32 are shown in figure 8.7.
In this case the holographic pinhole apertures are situated equidistant from, and
moved parallel to, the line of phase discontinuity on the SLM hologram. The fringe
visibility shows the same ∣ cos(lφ12)∣ modulation as the integer CVB case despite
the fractional value of l, with discrete steps in the phase shift also at the locations
predicted by the theory.
8.4.4 Correlation measurements of cylindrical vector beams
Until recently it has been assumed that monochromatic beams are necessarily fully
spatially coherent [183]. However, this experiment adds to a growing body of
work [178, 181, 194, 195] to demonstrate that, according to Wolf’s definition of
coherence [176], this is not the case. Nevertheless, the fact that a spatially varying
degree of coherence over the cross-section of the CVBs is measured does not imply
that the field is not fully correlated, as discussed in section 8.2.1. In section 8.2.4,
it was verified analytically that the degree of correlation given in equation 8.14 is
equal to unity for all higher order and fractional cylindrical vector beams, using the
expression for the field in equation 8.6.
Furthermore, placing a polaroid before the camera, when the pinholes are ar-
ranged such that they produce fringes of zero visibility, recovers interference fringes
of unit visibility. The polaroid transmits only the x (or y) components, thus unit
visibility interference fringes after the polaroid demonstrate that the individual con-
stituent x or y field components are perfectly correlated with themselves, despite
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Figure 8.6: Reversed-wavefront interferometry of higher order CVBs. (a) Visibility
of the interference pattern as a function of the angular separation of the pinholes for
a l = 2 cylindrical vector beam with the pinholes at fixed radius from the beam axis.
The fitted line is V ∝ ∣ (cos(2φ12)) ∣; (b) Visibility of the interference pattern as a
function of the angular separation of the pinholes for a l = 3 cylindrical vector beam
with the pinholes at fixed separation. The fitted line is V ∝ ∣ (cos(3φ12)) ∣; (c) Phase
shift of the interference pattern for a l = 2 CVB; (d) Phase shift of the interference
pattern for a l = 3 CVB. The insets show the paths of the pinhole apertures across
the beam cross-section.
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Figure 8.7: Spatial coherence measurements of fractional cylindrical vector beam
with l = 32 . (a) Visibility of interference fringes. The inset shows the path of
the pinholes across the beam cross-section. The fitted line is V ∝ ∣ (cos(32φ12)) ∣;
(b) Phase shift of the interference pattern as a function of the angular separation of
the pinholes.
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a lack of coherence. Rotating the polaroid by pi/2 results in a lateral shift of the
interference fringes by half of a fringe. This is due to the pi phase shift between
the light of one polarisation component (either x or y) originating from each pin-
hole. Figure 8.8(a) shows the pi phase shift in the y-polarised component that is a
result of the overall polarisation state from each of the pinholes being orthogonal.
Figure 8.8(b) shows the zero visibility fringes produced with no polaroid and fig-
ures 8.8(c) and (d) show the interference fringes of unit visibility recovered when
a polaroid is placed before the camera, with transmission direction horizontal and
vertical, respectively.
Although this measurement provides a measure of the correlation of each com-
ponent with itself, it is not a measurement of the degree of correlation, as defined
in equation 8.14. Measurement of the degree of correlation requires the additional
measurement of the off-diagonal elements of the cross-spectral density matrix, i.e.
the correlation between orthogonal components of the field. Measurement of these
correlations requires an additional rotation of the polarisation state of the light pass-
ing through only one of the pinholes by pi/2 [196]. This is not possible using the
Sagnac interferometer due to the small separation between the pinholes.
Partially coherent sources are of particular interest due to the evolution of beam
parameters on propagation [197, 198]. However, CVBs, being paraxial solutions of
the Helmholtz wave equation, are well-known to preserve polarisation state on prop-
agation. Gori et al. [195] have shown that propagation invariance is a consequence of
the degree of polarisation (defined in equation 8.11) being unity, everywhere on the
beam cross-section, even if the local direction of polarisation varies. It was shown
in section 8.2.3 that the degree of polarisation is unity at all positions on the beam
cross-section for all cylindrical vector beams, as would be expected for a solution of
the Helmholtz wave equation.
8.5 Summary and outlook
In the work presented in this chapter, the local spatial coherence of arbitrary integer
and fractional order cylindrical vector beams was measured. A novel setup was used,
based on a spatial light modulator contained in a Sagnac interferometer to synthesise
the cylindrical vector beams and, simultaneously, to simulate the effect of a Young’s
double slit interference experiment through two holographic ‘pinholes’. The fringe
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Figure 8.8: Interference of the Cartesian components of a l = 1 cylindrical vec-
tor beam with the same Cartesian component at different positions on the beam
cross-section. (a) Decomposition of the field vectors of orthogonally polarised light
sampled by a pair of pinholes separated by φ12 = pi(m + 1/2) (with m an integer).
The polarisation direction of the light sampled by each pinhole is marked by the
solid line; the dashed lines mark the x polarised components which are in-phase and
the dotted lines mark the y polarised components which are pi out of phase. (b) In-
terference pattern produced with no polaroid (zero visibility fringes). (c) and (d)
show the interference fringes of unit visibility recovered when a polaroid is placed
before the camera. The arrows mark the transmission direction of the polaroid.
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visibility then contains a measure of the coherence of the beams following the unified
theory of coherence recently introduced by E. Wolf. Full control over the holographic
patterns results in a wide tunability of the parameters affecting fringe visibility
amplitude and phase. The accurate measure of spatial coherence properties has
importance in practical applications as diverse as coherence tomography [199] and
optical communication [200] as well as for a deeper understanding of the interplay
between coherence and polarisation in vectorial light fields.
Chapter 9
Conclusion
This thesis has explored several applications of cylindrical vector beams (CVBs) for
optical micromanipulation and related fields. In chapter 3, three key properties of
CVBs were introduced:
(i) all CVB modes exhibit a ‘donut’ shaped intensity profile in the far-field, how-
ever
(ii) each CVB mode exhibits very different focused field distributions in the limit
of high numerical aperture.
(iii) The polarisation distributions of CVBs are very similar to those of the modes
of an optical fibre.
Each of the subsequent chapters of the thesis described an application of CVBs
which exploits one or more of the above attributes of CVBs.
The annular far-field intensity distribution may be used to optically trap low
refractive index particles. In chapter 6, a dual-beam optical fibre trap was proposed
for the optical trapping and optical deformation of ultrasound contrast agent mi-
crobubbles. The similarity to the optical fibre modes allows the laser beams to be
both shaped and delivered using optical fibres. Results of numerical calculations
were presented demonstrating, for the first time, that a dual-beam fibre-optic trap
operating with higher modes of the fibre (TE01 and TM01) could be used to trap
low relative refractive index particles such as UCAMs. Both the ray-optics approx-
imation, applicable to larger bubbles, and a GLMT model, applicable to smaller
particles, were used to calculate the optical stress on the trapped microbubbles.
Linear elastic membrane theory was used to evaluate the resulting optically induced
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deformation and the expected shape of such an ‘optically squeezed’ microbubble was
presented.
The calculations demonstrated a linear relationship between the normalised
stress applied to the microbubble and the fractional elongation of the microbub-
ble along the optical axis. By measuring this elongation for known optical power,
the mechanical properties such as the elastic moduli of the microbubble shell mate-
rial may be measured in a manner similar to that for cell membranes in the optical
stretcher [121]. This would provide valuable information to further inform models
of the mechanics of microbubble membranes. Thus the next step in this research
would be to carry out this experiment.
Furthermore, the accuracy of the calculations presented may be improved by
implementing an iterative procedure whereby the deformation profile is used to cal-
culate the stress re-distribution and hence the subsequent microbubble deformation
repeatedly until a final equilibrium solution is obtained, similarly to the method
reported in [122] for high index particles.
An alternative method by which to generate the ‘donut’ trapping beams could
use a beam pre-shaped using a spatial light modulator and subsequently coupled in
to a multimode fibre [201]. By changing the display on the spatial light modulator,
different combinations of modes could be excited in the fibre to change the shape of
the beam cross-section in the trapping plane. This would enable the beam shape to
be changed dynamically, allowing the trapping and squeezing forces to be optimised
for different bubble sizes. Furthermore, the shape of the beam could be dynamically
adjusted in real time to maintain the squeezing force on the bubble as it is deformed.
The use of optical fibres to generate and deliver CVBs for optical trapping can be
exploited in an alternative geometry using the evanescent field around tapered opti-
cal fibres to optically trap and propel microparticles, as demonstrated in chapter 7.
Calculations were presented showing that a judicious choice of wavelength(s) and
fibre modes can be used to further control the trajectories of metallic nanoparticles
along a tapered fibre.
Calculations of the optical forces of the evanescent field for metallic (silver)
nanoparticles were presented and it was numerically demonstrated how control of
the wavelength of the light in the fibre can be used to further control the trajectories
of metallic nanoparticles along a tapered fibre. It is anticipated that the sensitivity
of the interaction to nanoparticle plasmonic properties and fibre mode distributions
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could potentially prove a useful tool for selectively trapping, sorting and trafficking
micro- and nanoparticles drawn from a polydisperse distribution.
The experimental section detailed the method of production of tapered fibres and
the experimental setup and procedure used to realise tapered optical fibre trapping
experiments. It was experimentally demonstrated that microscopic particles can be
attracted to, and propelled along, sub-micron scale glass fibres by the evanescent
field of a laser beam. Results were presented demonstrating particle motion in the
evanescent field for linear and circular mode polarisations, showing how control of
the fibre mode polarisation state may be used to control motion of particles along
a fibre.
The development of an apparatus for fabricating tapered optical fibres and per-
forming optical trafficking experiments was described and preliminary experimental
data was presented. The next step is to use this equipment to collect extensive
experimental data of nanofibre optical trapping and propulsion of microparticles.
An optical tweezers system could be used as a photonic force microscope to fully
characterise the optical potential around the tapered fibre by scanning a trapped
particle across the fibre and measuring its displacement from the equilibrium position
of the tweezers’ optical trap. In order to compare the measured optical potential
with the known field distribution, a method to detect the mode propagating in
the fibre taper needs to be developed, since any stress-induced birefringence in the
optical fibre converts polarisations and can lead to mode mixing at the taper region.
In addition to characterising the motion of particles and the evanescent fields
around a tapered fibre for the linearly and circularly polarised HE11 modes described
in this thesis, the experimental set-up also allows characterisation of higher order
modes. To enable the propagation of higher order modes in the fibre taper, care
needs to be taken to ensure that fabricated tapers are adiabatic. The ability to use
higher order modes for particle manipulation leads to an extra degree of control over
particle manipulation which may have benefits where controlled particle sorting and
transport is required, for example for lab-on-a-chip applications.
Tapered optical fibres are promising candidates for more complicated optical
waveguide structures, as coupling light in and out is a simple process. A basic ‘junc-
tion’ could be formed by twisting two tapered fibres around each other [202]. This
could be used to sort different types of particles based on their differing interactions
with the optical fields. In particular, this technique may find applications for trans-
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porting and sorting biological material, such as discriminating between healthy and
diseased cells, or between different types of bacteria. For example, bacteria could
be tagged with different fluorescent proteins and the light transport through the ta-
pered fibre junction controlled to allow bacteria to be sorted in a compact variation
on fluorescence-activated cell sorting.
The differing focal volume field distributions of CVBs when focusing under high
numerical aperture naturally leads to the ability to tailor the shape of the focal
volume, and hence the optical trapping volume in an optical tweezers, as described
in chapter 5.
The purely radial and azimuthal polarisation states form a basis from which
any generalised CVB may be formed as a superposition state, thus by changing the
relative amounts of radial and azimuthal polarisation, any generalised CVB may
be created and the shape of the focal volume may be controlled. Since the optical
trapping forces in an optical tweezers depend on the intensity distribution, changing
the angle, ϕ0, that the electric field polarisation vector makes with the beam radius
allows the geometry of the trapping volume to be tailored to specific particle types.
This thesis demonstrated that, for fixed particle size, the aspect ratio of the trap
may be controlled using the polarisation angle of the CVB and the size of the trapped
particle determines for which polarisation state the trap is most elongated (higher
aspect ratio). The experimental results were compared with a theoretical model of
optical trapping using CVBs, derived from electromagnetic scattering theory in the
T-matrix framework [33, 103]. The effects of spherical aberration were investigated
and it was shown that the amount of spherical aberration and degree of objective
pupil over- or under-filling is significant in determining the shape of the trapping
volume, as both of these factors can change which polarisation state produces the
more elongated trap.
The relationship between the trap aspect ratio and the size parameter is not
straightforward and experimental and theoretical data for more particle sizes would
be useful to establish which size parameters give the most elongated or oblate trap-
ping volume. It is also clear that the aspect values for any particle size and polari-
sation state depend strongly on both the spherical aberration and the filling factor
of the lens. In order to better understand the relationship between the particle
size and the aspect ratio, it would be desirable to obtain sufficient theoretical data
points to reconstruct this two-dimensional surface. Experimentally, the spherical
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aberration may be balanced by adding an extra phase term to the beam before it
enters the microscope. This could be achieved by using the SLM method with the
Sagnac interferometer to generate the CVBs and adding an extra term to counter
the spherical aberration.
The ability to shape the optical trap according to the particle properties has
lead to improved optical trapping of elongated particles - carbon nanotube bundles
- using radial and azimuthal polarisation states [88]. Further investigation of the
optimum combination of the optical properties and particle types in optical traps
using CVBs is likely to lead to increased resolution for nanoprobe-based photonic
force microscopy compared to using standard linearly polarised beams.
Furthermore, an optical tweezers using CVBs may find applications in position
clamping whereby the Brownian motion of a trapped particle is reduced [203]. Using
the Sagnac interferometer with an SLM to generate the CVBs, the beams may be
changed dynamically to restore the particle to the equilibrium position. In this
way, the beam is shaped to optimise the trapping forces, in contrast to the method
of [203] whereby the particle is shaped to optimise the interaction with the optical
forces.
The work presented in this thesis has demonstrated that shaping the polarisation
state of trapping laser beams, as in cylindrical vector beams, both leads to new
applications and adds a further degree of control to existing applications. Of course,
the research presented in this thesis does not stand alone but adds to a growing body
of work demonstrating applications of CVBs across a wide variety of fields including
optical manipulation, microscopy, laser machining, singular optics and quantum
physics [74]. The use of higher order laser modes to shape the focal volume presents
advantages not only for optical trapping, but for any application where control of
the focal volume is required. Now that a variety of methods exist to simply and
efficiently generate CVBs in the laboratory, it is highly likely that the applications
of CVBs will continue to grow. This thesis has shown that spatial shaping of the
polarisation state has the potential to further enrich many of the exciting current
and future applications of light.
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